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Editor's Statement iii

Editor's Statement

The book consgs of the abgracts of the presentations a8 MAVI-9 workshop. The
conference language was English. There were no plenary talks, but every presentation had a
time dot of 30 minutes with a follon-up discusson of another 30 minutes. The concept
,beiefs was seen in a wide meaning and presentations in this workshop dedt dso with
conceptions, images, views, and attitudes.

There is no prereviewing process on MAVI-workshops. One of the ams is to promote
belief research by younger scientists on a European level. So, each contributor is responsible
for higher own publication; the content as well as the presentation.

The MAVI-9 event took place in VIENNA, Austria, one of Europe's most attractive
culturd cities. This, in addition with the intereting MAVI research subject, effected in
numerous international participants of this workshop. We were pleased to welcome aso some
colleegues who enjoyed MAVI for the fird time. Even two scientigs from the far city of
Hong-Kong presented their results.

Last but not least, we like to thank the colleagues a VIENNA, Prof. Dr. Reichd and Dr.
Goetz, for organisng a remakable scientific conference and combining this event with a
nonforgettable impresson of VIENNA.

Findly, my thanks address Mrs. Adrid Brinkmann for compiling the different files of the
contributors and making this report possible.

Guenter Toerner
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Pupil’s Beliefsin Vienna and Lower Austria

Markus Berger

Abstract

In 1998 and 1999 | visited different schools in Vienna and Lower Austria for my research
about mathematical Beliefs as | had to write my diploma. | took a questionnaire from E.
Pehkonen and . Grigutsch and worked it out on those criterions:

The questionnaire was evaluated on five different groups of pupils' beliefs.
Working out differences between 13 and 17 year old pupils

Working out differences between pupilsin Vienna and Lower Austria
Working out differences between boys and girls.

Additionally, there were three more questions on the guestionnaire about good and bad
experiences and desires for maths. Lots of surprising answers came up.

1. Introduction

Last year | wrote my diploma with help from Dr. H. - Chr. Reichel and | was concerned

with mathematical conceptions of Audrian pupils. Of this purpose | went to seven schools in
Vienna and Lower Audtria in order to hand out 740 questionnaires to 13- and 17- year old
pupils. | handed them out during the mathematical lessons and their mathematics teacher was
ds in the cdass. | told the pupils that ther teacher will not be dlowed to see the
guestionnaires. The questionnaire was taken from E. Pehkonen and St. Grigutsch who made
some examinations in Germany, Hungary, Estonia and other European countries.
It's worth pointing out that there were 32 questions which pupils ad to answer. There was a
Likert typicd scade, 1 means totd agreement, 3 indecision and 5 totd rgection. Moreover
there were three more questions about good and bad experiences in and wishes for
mathematics At home | cdculated the mean vdue and in addition some more datistica
vaues. In concluson | dassfied the mean vaue in five groups

Totd agreement  mean vaue less than 2,00

agreement 2,00-2,75
indecison 2,75-3,25
rejection 3,25-4,00
total regjection mean vaue more than 4,00

Allindl I handed out 740 questionnaires, hdf | gave to schoolsin Viennaand hdf in
Lower Audtria. Some more girls were interviewed than boys, about two-thirds were 13 — year
olds. The am of the report was to show the most interesting results of this diploma.

For one thing, there were five groups of conceptions on the questionnaire, but then, they
were totaly mixed up. Thisfive groups are:
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Conceptions about: mathematica contents
mathematicad methods
learning maths

part of pupils
part of teachers

2. Results of the five groups of mathematical conceptions

To come to the point, a first | want to give a report about the most interesting results of
these five groups of conceptions. First of al | want to say, that there are only a few questions
which got rejection.

The following | want to say is based on the category of mathematica contents. Firdly it's
quite surprising that there is a fairly strong agreement to use the pocket caculator. That's why
some will draw the concluson that it is rather unimportant to do menta arithmetic, but this is
not s0. In spite of that, | think pupils should be confronted with flashover mentd arithmetic
from time to time. If one compares that with other European countries, one notices theat there
is aremarkable big difference in using the pocket caculator.

All the quedions in this group get agreement just for the one It looks as if it is quite
unusua to produce and work with red things, for instance cubes, pyramids and so on. You
can recognise that this question got regection. This is interesting because mogt of the pupils
learned geometry in the lessons before | handed out the questionnaires. By the way, my
opinion is that teachers are able to use such objects in many different parts of mathematics,
for example in geometry.

Secondly | want to give a generd view of conceptions in mathematicd methods. To dart

with, dl questions which are dated on the questionnaire are formed with agreement, just for
three The quedtion if only the result of the examples is important became a mean vaue of
four. For one thing, this is a very pleasant result for me but then there is dso agreement in this
question that there is aways a Specified way to get the result. In my opinion you can draw the
concluson that therefore this result is not so pleasant asit looks &t fird.
The other question which gets strong rgection is that doing mathematics is only possble for
taented pupils. As far as | know from some persond interviews in Lower Audria in Vienna
often parents and grandparents give pupils an indght that mathematics is only a concern for
talented persons.

Also you can recognise that pupils think that it is very important for maths to be very
exactly and in addition you have to give exact reasons if you say something.

Now | want to give a generd view of conceptions in learning mathematics. There is only
one question in this part which get rgection. This is the question if it is essentid to maths to
learn by heart. In generd there is a strong agreement that pupils want to do some exercising in
the lessons and that they want to be able to understand what the teacher is talking about. All
the other questions in this group got agreement and that was to expect.

Also in the fourth group which dedls with the part of the pupils is no surprisng result. |
think it is worth to point out that there is only a little agreement in the quedtion if it is possble
to guess or try when you ae solving mahematicad problems. This questions got a lot of
answers with total agreement and lots of total regection. This is the reasons that the mean
vaue shows only alittle agreement.

In the last group, the conceptions in the part of the teacher, comes up, that the teacher shall
help as soon as possble and anytime there come up some problems. In my opinion this is not
a very surprisng result, but it is rather impossble for every teacher to do this every time the
pupils want to.
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You can see from these facts that the mathematical lessons in Audtria are not in a complete
other way as in other European countries. To draw a conclusion, you can get the impresson
that the lessons in Audria are maybe a little more traditiond as in some other countries, the
results are nearly the same as in Germany. It seems tha the mathematica contents and
cdculating are in the foreground. But in concluson | want to point out that the differences
between most of the countries are not very noticesble.

3. Differences between boys and girls

Now | will be concerned with the differences between boys and girls. In generd there are
no big differences just for two: For girls it is a bit more important to do a lot of practice in the
lessons as for boys. Nearly the same is the difference in the question about the discipline in
the mathematical lessons. So you can see tha the differences are not very big, if someone
wants to he can interpret the girls have some more traditional conceptions of the mathematics
than boys.

4. Differences between Vienna and Lower Austria

Coming to the next point it is not S0 surprigng that there are no big differences between
pupils in Vienna and Lower Audria Only the two following questions got a little difference:
On the one hand the pocket caculator but on the other hand aso mentd arithmetic got a little
bit more agreement in Lower Audria than in Vienna. Nearly the same result came up on the
quedtion if discipline is important for maths, dso in this quedtion is a little more agreement in
Lower Audria. Maybe these results depend on this point that the schools in Lower Audria are
located on the country and not in such abig town like Viennais.

5. Differences between 13- and 17 year old pupils

There is certainly no doubt that there are more differences between 13- and 17 year old
pupils than before. For the younger pupils it is nore important to do mental arithmetic as for
the older ones but for me this is not a very surprisng result because most of the schools | went
to dlow the pocket cdculator the first time when the pupils are thirteen years old, before they
have to do mentd arithmetic. For this reason the pocket calculator gets more important when
you get older.

Another reault is that for 17 year old pupils practisng in the maths lessons is much more
important than for the younger ones. Contrary to this result it is for 13 year old pupils more
interesting to do something with concrete things. But | think this is aso not very unexpectable
because most of this group of pupils learned geometry in the days before | handed out the
guestionnaire.

In concluson there are lots of more differences between 13- and 17- year old pupils but the
mean vaueis dways in the same group.

6. Good experiences with maths

Findly | want to give a generd view about the three more questions on the questionnaire.
For me it was not very surprisng that there are more bad experiences with maths as bad ones,
but it was very pleasant that there were alot of wishes for maths lessonsin future.

To come to the good experiences it is worth pointing out that lots of pupils have the
opinion that the practisng lessons for preparing to a test are very sensefull and aso hepful.
Also many pupils told me that they think that mathematics is very important to train ther
logicd thinking.
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A lot of 13 year old pupils mentioned a mathematica content as good experience, that is
geometry.

7. Bad experiences

The next point | want to give a general view about are the bad experiences with maths.
16% of the interviewed pupils are thinking that the tests are too heavy. Mogt nearly the same
amount told me tha the teachers are too fast in deding with a mathematical problem. As a
consequence from this bad experience it is not surprisng tha lots of the pupils critize that
there is too less practisng in the maths lessons because it looks like that some teschers are
solving only one or two examples in a maths lesson and the pupils have no time to come to
the result done. It was dso a wish from a lot of pupils tha there should be some time in
school that they can solve problems done and the teachers is only a helping person if there are
any problems.

The next bad experience is tha many of the interviewed persons have the opinion that
there are to many different contents in maths in school. More expectable was the following
answer, this is that some pupils critize that the teachers are too strong in teaching maths and in
judging the tests.

Nearly 15% told me that they get too much examples to do a home because for a few of
them it takes sometimes more than two hours to do only the exercise in maths they have to do
a home.

Before | went to the schools | thought that most of the bad experiences are the names of
some teachers and | was very pleased that alot of answers| got were not in thisway.

8. Desires for maths lessons

The last quedtion is about the wishes for the mathematica lessons in future. Almost 20% of
the pupils who have given answers to the questionnaire hope that the explanations from the
teachers get better.

Also nearly the same amount thinks that it would be better for teaching if some lessons are
organised with the principle “Offenes Lernen”. Mogt of them who told me that did some work
in this way before. Some teachers told me that the pupils get a lot of motivation and are very
interested in such lessons but the time for preparing these lessons is enormous.

16% of the interviewed persons hope that there is more working in groups in future or
practisng grester projects maybe together with other subjects in school. So everybody can see
that pupils know that there are dso in mathematics some aternatives to the taking of teachers
in the front of the dass. | think it will be very important for the fame of mathematics to make
ause of this chance and to do some work in thisway.

19% of the pupils wish that there will be more reference to redity in the examples which
ae solved in maths. Maybe this answer is a consequence of one of the questions on the
guestionnaire.

More than every tenth of the kids think that it will be extremely more motivation to learn if
the math lessons are sometimes a little bit humorous. Also some pupils have the opinion that
it will be more plessant if some units are explained more often and in some different ways,
because this will maybe help to undersand some units a little bit better. Another wish is the
great hope for more practigng in math lessons.

Almost every twenth pupil asks for more working with the Persond Computer in the
mathematical lessons. There were two schools where they have done something in
mathematics on the Computer before and nearly everyone asks me for more doing in this way.
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These were mogt of the wishes which more than twenty pupils told me. It is worth pointing
out that there were no ideas on the questionnaire for these three questions. This is the reason
why | think these are wishes which are not unessentid.

This was a generd view of the results of my diploma. The greastest problem for me is that |
asked on the questionnaire for their conceptions of mathematics but | think that most of the
pupils told me who their math lessons are in redlity.

Beliefs about mathematical contents

Mean value s?2
Mentd arithmetic 2,03 1,07
Cdculating 1,87 0,85
Drawing of figures 1,78 0,95
Textud examples 2,22 1,23
Pocket calculator 1,52 0,82
Learning different themes separately 2,13 1,29
Examples from redity 1,72 0,91
Surface planitation 1,92 0,97
Concrete things 2,98 1,67
Beliefs about mathematical methods
Mean value S2
Only the result isimportant 4,01 1,22
Speaking exactly 2,69 1,55
Only one way to the right result 2,67 1,44
To give exact reasons 2,28 1,14
Only for taented pupils 4,16 1,16
Not every time humorous 2,40 1,44
Demands pupils very hard 2,91 1,42
More possihilitiesto the right result 1,71 0,78
Beliefs about learning maths
Mean vdue S2
Is clear for everyone 1,33 0,67
To learn often by heart 3,90 1,07
Repesat alot 2,17 1,24
Practicealot 1,70 0,71
Everything hasto be clear 1,26 0,38
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Beliefs about the part of pupils

Mean vdue s2
It isaso possble to guess or try 2,60 1,87
Only the result isimportant 3,29 1,44
Discipline 2,40 1,61
Own guestions or examples are alowed 2,56 1,57
Alone cdculaing 2,00 0,94
Working in groups 2,34 1,82

Beliefs about the part of teachers

Mean vdue S?
Teachers have to hep very fast 141 0,55
Mathematica games 2,33 1,58
Explain exactly every step 1,36 0,59
Exact indructions 2,56 1,72
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Multiple Realities and the M aking of Worlds
A Multi-per spective Approach to Mathematical Belief Systems

Peter Berger

University of Duisburg, Germany
berger @math.uni-duisburg.de

Abstract

After a period of rich empirical outcomes, in the field of mathematical belief research a
certain ‘lack of theory’ becomes visible. It more and more emerges that the complexity of
individual as well as cultural belief systems cannot be understood solely from the per spectives
of a single discipline such as (social) psychology. This paper is aimed at giving a short
outline of a theoretical model for the scientific construct ‘belief system’ which extends the
classical psychological perspective by aspects of current sociology, ethnography, and
cognitive science, especially of neuro science and cognitive linguistics.

Background

Over the past two decades, numerous empirica studies have shown up the decisve impact
of mathematicd beiefs on mah teaching and learning processes. In ther bibliography,
Torner & Pehkonen (1996) lit more than 800 relevant items. As a first approach, an
individud’s mathematica belief system can be understood as “the compound of his subjective
(experience based) implicit knowledge (and fedings) concerning mathematics and its
teaching/learning” (Pehkonen & Torner 1996). Most authors agree in  conceptudizing
mathematical beliefs as mentd structures located in the borderland between cognition and
affect, gaining condderable relevance as they function as individud director sysems guiding
persond perception, assessment, and behavior in the context of mathematics.

Not leest in view of the rich and manifold empiricd results that belief researchers have
been coming up with by now, the research interes a present increasingly focuses on the
question of how to theoreticdly subgtantiate the centrd scientific concept of belief system.
The traditional reference to the concept of attitude — and thereby the settlement of belief
rescarch within the domain of socid psychology which may be manly due to pragmatic
reasons (attaining the benefits of an edtablished theory) — more and more emerges to be a
limitation of both research perspectives and methodological approaches. For a consderable
time, even socid psychologids are skepticd about the scientific advantage of the attitude
concept. Today many of them prefer a more complex modd including socid forms of
knowledge such as group beliefs, subjective theories, social representations etc.

The transformative circle of knowledge

There is much indication, that an adequate understanding of the emergence, representation,
and mechanisms of mathematicd and other science-reated bdief systems will not be possble
without congdering the diffeeet forms of knowledge as socid phenomena In a
‘trandformative circle (Flick 1995), those forms of knowledge interact on two levels —
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andogues to the two redms of the sacred and the profane in ancient rdigion-based cultures.
the fira one being the collective, acknowledged, and officid leve of the mythica-reigious,
ideological, or scientific knowledge, and the second one being the private levd of (pre- and
post-cientific) everyday life with its forms of common sense, socid representations, and
everyday knowledge, mirroring the ‘higher’ forms of knowledge (cf. Fig. 1).

<4+— Influence «---- Displacement
Collective, Antifi
Authoritative Myth S - - - - - - - Scientific < Ideology
Level Religions Knowledge

Trans-
formative
Circle

Private Level c P Social R Everyday

(‘Life World") ommon-sense Representations Knowledge
Pre-scientific Sphere of Post-scientific
Everyday Life Science Everyday Life

Figure 1: Transformative circle of knowledge forms (after Flick 1995)

A constructive process. sense making as reducing complexity

Mathematicd bedief research must not lag behind the current findings of scientific
disciplines involved, such as sociology, ethnography, cognitive linguigtics, and neuro science.
Without continuous efforts of keeping a high levd and extendve range of theoretica
perspectives, our research would risk a condgderable loss of scientific relevance. One of those
perspectives is that of neuro science which has substantially changed our understanding of the
brain.

To the traditional view, the brain is more or less a mirror of reality. Among the guiding
assumptions of this traditional concept is that redity is sending a dream of sensory
information to the brain and that the brain is answering by producing a sort of ‘photograph of
redlity’. Consequently, there are objective (extra-persond) qudity criteria for brainwork,
namey adequacy, congruence, identity. This traditiond view, however, in recent years turned
out to be a too nai ve one. Wolf Singer, Director a the Max Planck Inditute for Bran
Research, Frankfurt, summarizes some findings of modern neuro science which are in
remarkable contrast to the traditional concept.

Actually, there is much evidence that our cognitive system is behaving very selectively. ... It isinterested
only in very small partial aspects of reality. ... Its processing of sensory signals is based on prejudices in
plenty. ... Our perceptions highly depend on the brain's guesswork about the world. ... The brain
continuously produces concepts, adjusting them to the sensory information available. (Singer 2000)

Thus, sensory information does not play the fundamenta role of being the source and am of
al knowledge, it isjust used as a means of adjustment. Contrary to the widely held opinion,
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only roughly 10% of the syngptic connections within the cerebrum (resp. the cerebra cortex)
IS processng sensory information, while the remaining pat of around 90% is “devoting itsdf
to an interior monologue’ (Singer) creating concepts and ‘meking sense (cf. Fg. 2).
Actualy, perception is not to be thought of in terms of ‘getting information’, but rather in
tems of ‘verifying hypotheses. Man is manly not a redity percaving but a redity
congtructing species, not an observing, but rather a sense making animdl.

90%

creating concepts

interior monologue
10% B A ‘making sense’

processing = . /
sensory information i A

A B ~ ™\ cerebrum
(cerebral cortex)

Figure 2. Manisa ‘sense making animal’

To the modern view, the brain is condructing ‘its own redity’. In the form of a continuous
interior monologue, it is producing a dsream of concepts, conjectures, and hypotheses about
redity. Those hypotheses are continuoudy but sdectively adjusted by means of sensory
information. Consequently, there ae only subjective (intrapersond) qudity criteria for
brainwork, such as viability and practicability. Fig. 3 depicts the two contrary models.

continuous

f._‘{ interior
' monologue
s
. W
8 Y
o

Figure 3: Traditional (naive) versus modern view of the brain

The neuro scientific underdanding of man as a sense meking animd has a generd
biological interpretation, as we may recognize ‘sense making' as the fundamentd process of
reducing the complexity of the world, due to evolution theory being a general adaptive
behavior of most species. socio- context aso appliesto individuas, groups, and cultures.
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Societies are built up by processes of commonly making sense, where sense is represented in
the ‘durable form’ of cuture. Cuture is preserved by language (narraives, myths), actions
(rituas), and symbals (totems).

Multiplerealities. worldmaking as making of worlds

In ealy advanced cultures, sense meking by reducing complexity had been reatively
dmple and led to the rdigionbased societies with Imple, homogeneous, and uniform
dructures. The shift from ancient to modern societies, however, came dong with wha we
may cdl a cultural catastrophe, attended by a loss of certainty, of smplicity, homogeneity,
and unity. In modern advanced cutures ‘the world is disintegrated into severd ‘partid
worlds, while ‘the person’ is digntegrated into different ‘socid roles. In modern societies,
thus, reducing complexity means reducing the complexity of partid worlds. Socid redity in
modern cultures actudly tekes the form of a conglomerate of multiple redities, a conceptud
landscape of sodo-culturd frames (worlds).

As it was the case with ancient cultures, even in modern cultures socia worlds are not set
up by physical objects, but rather by narrative dements, by themes and dories. It is not the
machines that conditute the ‘world of computers, but the dories about it. The ‘world of
politics does not consst of politicians or events, but of stories about politicians and events.
Those worlds are not made in factories, they are made in the media. They ae rdativey
autonomous, occasondly linked by common themes — as the world of sports, of palitics, and
of medicine are linked by the common (but separately conceptualized) theme of doping. What
often may appear as a contradiction within a person’s thinking, is mogly nothing more than
coming from different worlds. The only form of (socid, culturd) condstency achievable in
modern cultures is the reduced form of a*partid consstency’ within aspecific partia world.

We may summarize some centra research assumptions:

— An individud percaves redity in a complex, dynamic, active, subjective, and congtructive
process of decondructing ‘the world and recondructing it into ‘multiple redities
(worlds)'.

— Those multiple redities ae presarved by the individud in the form of ‘persond
constructs' about the world(s).

— Persond constructs are not ‘ photographs of redlity’, but ‘ adaptive maps .

— Persond congructs (and even the condruction system itsdlf) are subject to continuous
adaptive processes which make them more dabile; they develop an inertia force againgt
change.

— Persond congructs gain stronger stability largely not as a result of verification processes
(truth), but as a result of ther viability (practica benefit in a certain context) and by socio-
cultura reinforcement processes.

— The ordinary conceptua system of human beings, in terms of which we think and act, is
fundamentally metephoricd. There are persond as wel as interpersonal, socio-culturd
metaphors. There are metaphorized actions (rituals) and metaphorized objects (totems).

A multi-per spective framework for belief research

Based on a series of empirica studies on teacher conceptions in the context of computer
science, mathematics, and computer culture (cf. Berger 1998, 1999), the author worked out a
theoretical model for the scientific congtruct of belief system.
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The modd (cf. Fig. 4) extends the classca psychologica perspective by aspects of current
sociology, ethnography, and cognitive science, especidly of neuro science and cognitive
linguistics (Berger 2000). In short terms, the modd peforms a ‘focusng dimb-down' with
the stages society/culture (sociology/ethnography), individual (psychology), and brain/mind
(neuro sciencelcognitive linguidtics). It conceptudizes the multiple redities of individuds as
specific socio-culturd frames (‘worlds': world of mathematics, world of computers, world of
medicine, world of politics etc.).

Bdief sysems, then, can be understood as habitudized conceptudizations of those worlds
(‘world views/bdief systems) which are cognitive representations of frame-specific persond
dispostions (‘habit’: attitudes, sdf concept, implicit theories, tacit knowledge etc.) forming
specific schemes of perception, assessment, and generation (cf. Bourdieu 1998, 1999). Those
world views emerge from a specific interpersond context, i.e. a coherent complex of narrative
dements (‘theme), which induces a specific context of life world factors (‘fidd': socio-
culturd, individud, and objective factors). World views result in specific styles of behavior
(‘practiceé: cudoms, rituds, atifacts) and thinking (‘diction’: conceptions, metaphors,
language). World views, in a fundamentd way, are metgphoricaly organized. Thus linguistic
interview andyds — within a quditaive methodologicd framework — provides an agppropriate
approach to the study of belief systems.
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Abstract

This paper presents firg results of an investigation on the mathematical world view of pre-
sarvice teachers. Firg there are some information about the structure of the investigation and
paticularlly the questionnare. Here, especidly the results of the quantitative methods are
given. The factor andyss of some sections of the questionnaire give a first impresson of
possible dimensons and structures in the mathematica world view of pre-service teachers.

I ntroduction

The pre-service education is in some aspects surely a crucid part in the development of
any teacher. It represents the change from learner to teacher, and is the firs serious
confrontation with school as workplace. in this initid period the role of mathematics changes
from pure subject related knowledge to the ability of employing it for the purpose of teaching.
In addition, the pre-sarvice teacher edtablishes his own postion  between teachers and
sudents. This leads to the assumption that the mathematica world view would not left to be

unchanged during thistime of change.

The structure of the investigation

The invedtigation focuses on the mahematicd world view of pre-service teachers and
possble changes in it. | ded with a mix of gquantitative and quditative methods by using
questionnaire and interview. However, the main emphasis will be on the questionnaire and
therefore on the quantitative methods.

The invedtigation is divided into four parts. Firs the preparation including the design of the
questionnaire and preliminary invedigation. The next two pats condst of two surveys
followed by afind anayss. Next | want to present some results of the first survey.

The questionnaire

The quedionnaire is divided into 7 sections. Firg there is a section with datidica
questions about age, gender, second subject of teaching and so on. The sections 2 to 5 contain
items with a five-graded Likert-scae; there are datements about teacher education,
mathematics and teaching methematics. In section 6 the pre-service teachers are asked about
factors which influence their mathematics teaching. The probands are asked to evduate shal
“weigh” 11 given factors from 1 to 10, where 1 means low influence and 10 very high
influence. Besides they have the chance to name own factors and evauate them as well. At
theend, insection 7,
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they have some space to write down some remarks about “teacher education”, “mathematics’
and generd impressons. The following table shows the structure of the questionnaire.

Tab.1: Structure of the questionnaire

Section1l | Staidticd questions

Section 2 | Education of mathematics teachers

Section 3 | My view on mathemetics as a school subject
Section4 | Mathematics and redlity

Section5 | Teaching mathematics

Section 6 | Influencing factors

Section 7 | Remarks

The items of the sections 3 to 5 are based on a questionnaire of GRIGUTSCH/ TORNER
which was given to university students and to teachers.

The section on teacher’s education was developed with the support of two groups of pre-
sarvice teachers and by usng some interviews with other prospective teachers. The same
gppliesto section 6 “Influence factors’.

First results

From the first survey started in 1999, | received about 65% of the questionnaires with vaid
data. Therefore, | have 130 probes a my disposd. Here are some results of the first data

andysis?
Factor analysis of section 2

Section 2 contains 32 statements about the education of mathematics ingtructors and the
dtuation of pre-service teachers. The factor andyss provides 10 factors with an eigen vaue
larger than one.

Screeplot

44

eig

1 3 5 7 9 11 13 15 17 19 21 23 25 27

faktor

Fig.1: Screeplot of the factor analysis of section 2

1| work with SPSS 8.0 for Windows.
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| decided to work with the first seven factors, which explain about 60 % of the variance.
The screeplot shows a clear break between factor 7 and factor 8. The seven factors have an
eigen vaue larger than 1,4.

The following table contain some data about the sevenfactor-solution. The number of
items with the highest loading on the dngle factor, the number N of cases, Cronbachs a and
the mean vaue of the factor on ascae from 0 to 50.

Tab. 2: Seven-factor-solution for section 2

Factor Number | N | Cronbachsa | Mean

of items value

F1 | Problems with the Stuation 6 128 .6828| 18,20
F>| Mathematicd sdf-assurance- universty sudy 5 129 7145 26,24
F3| Hard work 3 129 7969 32,69
F4| Importance of the educetion in the “ Seminar” 4 126 .6296| 26,66
Fs| Negative judgement of teacher education 4 117 b5o8l| 37,21
Fe | Impact of the own time as a pupil 3 130 .7160| 22,34
F7| Impact of the mentor 2 129 3395 35,22

As example, | present the items with the highest loading in factor 2, | cdl Mathematical
sdlf-assurance and university study.

Tab. 3: Factor 2 of the seven-factor-solution

[tem Loading
If I have problems with the subject, | use my materid from universty. 429
The studies at university prepared me sufficiently for my job at school. 440
While teaching mathematics, | discovered some problems with the materid. -.791
| have no problems with the materia for my mathematics lessons. .799
The university study provided a good foundetion in mathematics. 745

Apat from the dngle factors, the correation between the factors is interesting. The
following table shows the correlation between the factors of the seven-factor-solution.

Tab. 4: Corrdation between the factors of the seven-factor-solution

F 5 Fs Fa Fs Fo 3
F1

F -,223*

F3 241%* | -124

F4 -,053 ,125 ,080

Fs ,195* -,465** ,209* -,057

Fe ,014 -,090 ,028 ,051 -,038

F7 -,116 ,003 ,180* ,289* -,026 ,094

* the correlation is significant on the level 0,05
** the correlation is significant on the level 0,01
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The table shows some significant correlation between the factors. This becomes more obvious
inafigure

+ .

Fig.2: Correlation between the factors of the seven-factor-solution

For example there is a strong podtive correlaion between factor 1 Problems with the
situation and factor 3 Hard work. And there is dso a postive corrdation between these two
factors and factor 5 Negative judgement of teacher education. Wheress the factor 6 Impact of
the own time as a pupil is absolutely isolated from the other factors.

Factor analysis of section 3 and 4

The datements of sections three and four were taken from earlier invedtigations on
mathematicd world views by GRIGUTSCH & TORNER. Therefore, these sections were andysed
in conjunction. Here | have the possibility to compare my results directly with other data.

The factor andyss shows nine factors with an eigen vaue larger than one. But there are
four factors with an eigen vdue larger than two, explaning 44% of the variance. The
screeplot shows also an obvious turn between factor 4 and factor 5. Therefore, | decided to
work with the four-factor-solution.

Screeplot

eigen value

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33

factor

Fig.3: Screeplot of the factor analysis of section 3 and 4
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Tab. 5; Four-factor-solution for section 3 and 4

Factor Number | N | Cronbachsa Mean

of items value

F1 | Formdism 9 127 .8430 28,23
F, | Process 9 121 .7879 34,69
Fs | Application 8 127 7789 22,69
Fs | Scheme 8 124 T737 37,66

Dedling with these four factors you can dso find some significant correation.
Tab. 6: Corrdation

F1 F Fa
F1
F2 ,152
Fs3 ,385** ,180*
Fa ,190* ,S47**
* the correlation is significant on the level 0,05

** the correlation is significant on the level 0,01

Here a0 afigure makes the correlation more obvious:

+
- » ( Application

+
-t > Process

+
[ELYRNY 3
Q
0
\I
.‘-i:-». (31

Fig.4: Correlation between the factors of the four-factor-solution

References

[1] BROSIUS, S.: SPSS8. Bonn 1998

[2] GRIGUTSCH, S., RAATZ, U., TORNER, G.. Mahematische Wethilder bei Lehrern,
Schriftenreihe des  Fachbereichs  Mathematik der  Gerhard-Mercator-Universitét
Duisburg, Nr. 296; Duisburg 1995

PFEIFER, A.: Statistikauswertungen mit SPSS* und BMDP. Stuttgart 1988

RosT, J.: Testtheorie Testkonstruktion. Gottingen 1996

TORNER, G.; GRIGUTSCH, S.. “Mathematische Wedthilder” bei Studienanféngern — eine
Erhebung. In: Journal fir Mathematikdidaktik 15(1994) %pp. 211-251

BN




18 Astrid Brinkmann

Aesthetics - Complexity - Pragmatic Infor mation

Astrid Brinkmann

University of Duisburg, Germany
astrid.brinkmann@math.uni-duisburg.de

Abstract

It is often stated that the aesthetic component of mathematics has a great importance in
scientific research as a heuristic leitmotiv for putting forward a theory. The appreciation of
the beauty of mathematics is one of the wellsprings of this subject, not only in research but
also in school education. This has implications for the teaching of mathematics. However the
beauty making elements are not very well analysed. Nevertheless it seems that there is some
correlation between aesthetics and complexity.

When teaching mathematics, the degree of the complexity of the presented subject has to
consider, above all, the effectiveness of the transported messages upon the students, the
pragmatic information.

The relationship between complexity and aesthetics on the one hand and complexity and
pragmatic information on the other hand in the realm of mathematics education is thus a
subject of interest.

The paper deals with the dimensions aesthetics, complexity and pragmatic information,
presenting some statements and a number of questions for further research.

1. Therole of aestheticsfor perception and education

In literature it is multiple reported about aesthetics as guiddine when putting forward a
scientific theory or sdecting ideas for mathematica proofs.

The firda who introduced smplicity and mathematical beauty as criteria for a physcd
theory was CoOPERNICUS [1, p. 30]. Since then these criteria have continued to play an
extremely important role in developing scientific theories [1, p. 30; 2; 3]. DIRAC, for example,
tells about SCHRODINGER and himsdf [6]:

It was a sort of act of faith with us that any questions which describe fundamental laws of Nature must have
great mathematical beauty in them. It was a very profitable religion to hold and can be considered as the basis
of much of our success.

VAN DER WAERDEN [16] reports about POINCARE and HADAMARD [see als0 12]:

POINCARE und HADAMARD ... betonen besonders die Rolle des Schdnheitsempfindens bei der Auswahl
fruchtbarer Kombinationen.

POINCARE stellt die Frage so: Wie soll das Unbewufite aus allen den vielen méglichen Kombinationen die
richtigen, das heifdt fruchtbaren, herausfinden? Seine Antwort lautet: durch den Schonheitssinn. Bevorzugt
werden die Kombinationen, die uns gefallen.

A smilar datement is given by HERMANN WEYL [8, p. 209]:

My work has dways tried to unit the true with the beautiful and when | had to choose one or the other |
usually chose the beautiful.
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Thus theories, that have been described as extremely beautiful, as for example the generad
theory of reaivity, have been compared to a work of art [3]; PAUL FEYERABEND [9] even
consders science as being a certain form of art.

Mathematics and mathematica thought are obvioudy directed towards beauty as one
profound characteristic. PAPERT and POINCARE [7, p. 2; 12] even believe that aesthetics play
the most central role in the process of mathematica thinking) The gppreciation of
mathematicd beauty by <Sudents should thus be an integrd component of mathematicd
education [7]. But DREYFUS & EISENBERG [7] remarked 1986, that developing an aesthetic
gppreciation for mathematics was not a mgjor god of school curricula [NCTM, 1980], and he
expressed that "this is a tremendous migtake’. In the new curricular guiddines of Northrhine
Wedfdia [13, p. 38], Gemany, however the development of students appreciation of
mathematical beauty is explicitly demanded in the context of the fostering of long-life
postive mathematical views. The importance of this demand may be dressed by the
following satement given by DAVIS& HERSH [5, p. 169]:

Blindness to the aesthetic element in mathematics is widespread and can account for a feeling that
mathematics is dry as dust, as exciting as a telephone book, as remote as the laws of infangthief of fifteenth
century Scotland. Contrariwise, appreciation of this element makes the subject live in a wonderful manner
and burn as no other creation of the human mind seemsto do.

2. Criteria of aesthetics

If we want to increase the students appreciation of the beauty of mathematics, we have to
ask wha it is, that makes the beauty of the subject. What does it mean for example that a
theorem, a proof, a problem, a solution of a problem (the process leading up to a solution, as
well asthe finished solution), a geometric figure, ageometric congtruction is beautiful ?

Although assessments about beauty are very persond, there is a far-reaching agreement
among scholars as to what arguments are beautiful [7]. Thus it makes a sense to search for
factors contributing to aesthetic gpped. But HOFSTADTER [11, p. 555] for example bdieves,
that it is impossble to define the aesthetics of a mathematical argument or Sructure in an
indusive or exclusve way:

There exists no set of rules which delineates what it is that makes a peace beautiful, nor could there ever exist
such aset of rules.

However we can find in literature severd indications of criteria determining the aesthetic
raing.

The Pythagorean took the view that beauty grows out of the mathematical structure, the
mathematicd relations that put together initidly independent parts in the right way to a unit
[10]. CHANDRASEKHAR [2] names as aesthetic criteria for theories their display of ‘& proper
conformity of the parts to one another and to the whole" while dill showing "some
strangeness in ther proportion”. HERMANN WEYL [19] dates that beauty is closdy connected
with symmetry and IAN STEWART [15, p. 91] points out that imperfect symmetry is often even
more beautiful than exact mathemaicd symmelry, as our mind loves surprise DAVIS &
HERsH [5, p. 172] take the view that:

A sense of strong personal aesthetic delight derives from the phenomenon that can be termed order out of
chaos

And they add:

To some extent the whole object of mathematics is to create order where previously chaos seemed to reign, to
extract structure and invariance from the midst of disarray and turmoil.
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ALLEN WHITCOMBE [19] ligts as aesthetic dements a number of vague concepts as. structure,
form, relations, visualisation, economy, simplicity, elegance, order. DREYFUS & HSENBERG
[7] state, according to a study they carried out, that simplicity, conciseness and clarity of an
agument are the principle factors that contribute to the aesthetic vaue of mahematica
thought. Further rdevant aspects they name are: structure, power, cleverness and surprise.
Cuoco, GOLDENBERG & MARK [4] teke the view that:

The beauty of mathematics lies largely in the interrelatedness of its ideas ... If students can make these
connections, will they also see beauty in mathematics? Wethink so ...

EBELING, FREUND & SCHWEITZER [8, p. 230] point out, that the beautiful is as a rule
connected with compl exity; complexity is necessary, even though not sufficient, for aesthetics:

Asthetische Kriterien sollten den Begriff Komplexitét einschlieen. Auch das Schone ist in aller Regel
komplex ... Allerdings ist das Vorhandensein komplexer Relationen in der Regel nur eine notwendige
Bedingung; in keinem Falleist Komplexitat hinreichend fiir eine Bestimmung des Asthetischen.

Complexity and smplicity are both named as principa factors for aesthetics: how does that
fit together? If dmplicity is named, it is manly the smplicity of a solution of a complex
problem, the smplicity of a proof to a theorem describing complex rdationships, or the
gamplicity of representations of complex dructures Thus, dso in this consderation
complexity isinvolved.

3. Complex structures

A complex dructure condgts of many interrdated eements and is hierarchicad ordered.
Complex dructures are dtuated between the extremes of maximum ordered (periodicad) and
maximum unordered (uncorrdated) dtructures, between perfect bandity and chaos. As
visudisation EBELING, FREUND & SCHWEITZER [8, p. 22] give the following example:

0
4
—
S—<
—

{
X

e

periodic structure uncorrelated structure complex structure

Figure 1. Geometric example for a periodic structure, an uncorrelated
structure and a complex structure

The degree of the complexity of a structure is reflected by the number of equa respective
unequa dements, the number of equa respective unequa relations and the number of
hierarchies. In respect to mathematics for example smple geometric figures are Stuated a the
beginning of the complexity scae, fractds are complex dructures, problem solutions that only
use smple rules or dgorithms have a low complexity rating whereas open ended problems are
characterised by high complexity.

Thus, if we want to promote the students aesthetic fedings for mathematics it might be
profitable to treat mathematical structures (figures, problems, geometric congructions, ...) that
are characterised by a great number of eements connected by severd reations and by a great
number of hierarchies.



Aesthetics - Complexity - Pragmatic Information 21

But complexity adone is, as dready told above, not sufficient for aesthetics Complex
dructured mathematical objects and procedures (theorems, proofs, problems, solutions of
problems (the way and the result), geometric figures, geometric congtructions, the context to a
theme incuding dl its rdaionglinkages, ..) should be represented in a smple, degant,
concise and cler way. Here is involved that aesthetic feding is a binary reation between an
object (for example a mathematical object) and a subject (for example a student), whereas
complexity is a property only of the object. The complexity of the object must be in some way
understood by the subject so that aesthetic fedings can arouse: decisive is the information that
we get about the complexity of an object.

As learning of new contents begins with the reception of information, it is obvious that
information, especidly pragmatic information, plays a centrd role in the teaching and
learning process. As we will see, the amount of pragmatic information is strongly connected
with the concept of complexity, so that the complexity of a mathematica object or procedure
might bring about both, aesthetic fedings and a good learning pre-condition.

4. Pragmatic infor mation

Pragmatic information is defined as the effectiveness of a message upon the recipient. In
mathematics education the recipient is the sudent and the messages that have to be
trangported are mathematical contents.

The effectiveness of an information is determined by the rdation of confirmation and
novety, of the wel-known and the new. The following figure proposed by ERNST VON
WEIZSACKER [14; 17, p. 60; 18] may serve as athinking and memory aid:

| Pragmatic
Information
0% novelty 100% novelty
100% confirmation 0% confirmation

Figure 2: Schematic plot of pragmatic information in dependence on the
degree of novelty and confirmation

Accordingly pragmetic information is minima (equd zero) when the informaion is
dready wdl-known (100% confirmation, no novelty) or when the information doesn't refer at
dl to something known, that is when the information is completdy new and thus not
undergandable (no confirmation, 100% novety). Maximum pragmetic information, that is
maximum communication efficency, is provided by an optima rdation of the wel-known
and the new, of habit and surprise.
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A more detailed representation of the existing relaions is given by the following figure by
ERNST VON & CHRISTINE VON WEIZSACKER [17, p. 202]:

Pragmatic
Informatio

jro

Confirmation

Figure 3: Pragmatic information in dependence on the degree
of novelty and confirmation.

Objects of higher complexity may thus provide more pragmatic information than objects of
lower complexity.

5. Final remarks

In respect to mathematics education it would be advantageous to consider the aesthetic
dimendon of mathematics more than it has been done up to now. Mathematics should be
presented to and experienced by the students in a way that yields the appreciation for the
beauty of the subject. Therefore the beauty making elements have to be better andysed.

Likewise, in mathematics education, the communication efficiency expressed by the
pragmatic information should reach a maximum. The optima rdations between that whet is
wdl-known and that what is new for the students must be found.

As both, aesthetics and pragmatic information, are closdy connected to complexity it is a
subject of interest to find, dependent on the knowledge bass of the learning individuds,
complex sructured mathematica objects and procedures that may provide a maximum of
pragmatic information combined with aesthetic fedings for the subject of mathematics.
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Abstract

Problem orientation was one point which came out in earlier questionaires of mine as a
point for more profound reseaech. Thus in autumn 1999 in Bielefeld a questioning with
teacher-students as well as teachers who are in practicewas done. The main trend which
came out was. All questioned persons have a strict wish about more problem orientation in
mathematic lessons while in the view of the students the reality differs from this wish.

1. Introduction (Outline of the history of problem orientation at school)

The importance of learning by doing was dready mentioned by SOCRATES. In the
modern times especialy ROSSEAU and FROBEL firg put emphasis on this method of
learning. As a sysematic principle for teaching it was used first aout hundred years ago from
reform padagogues like DEWEY, MASON, MACMILLAN and MOTESSORI. For Germany
we should mention GAUDIG who promoted the support of activities of askings in school in
the 30" of the 20" century. Also in the holigtic didactic conception of J. WITTMANN which
was published firs in 1929 the method of learning by doing was to be found. A problem
orientated approach with learning by discovery aso was supported through the Gedtat
psychology (see eg. KOHLER, DUNCKER, WERTHEIMER). The first study about learning
by discovery came from MCCONNELL in 1934.

An intensve and broad dicusson with many publications about learning by discovery, its
pros and cons and empirical research then took place since the end of the 40" until the middle
of the 70". The most famous names in this discusson ae BRUNER and AUSUBEL. In
Germany for the fird time we should mention COPElI and WAGENSCHEIN as wel as
WITTENBERG for the didactics of mathematics. In the end of the 60" and the 70" in
Germany there can be named severd padagogues and didacticans who discussed the method
of learning by discovery or learning by doing and the conception of orientation on action.

Since the middle of the 80" doimulated by the cognitive psychologists and their
condructive theory of learning a new discusson about problem orientation and open gpproach
darted firgt in the USA and a little bit later dso in Europe and Asa For didactics of
mathematics the initiation came from POLYA in the 60" and then from SCHOENFELD with
his book "Mathematica Problem Solving” 1985.

One aspect Schoenfeld focussed on was the influence of beliefs for the success of teaching
mathematicd problem solving. Already in 1983 LERMAN showed the importance of the
factor "beliefs’ for the process of learning. In this context my present research on beliefs - |
will show onelittle part of it now - should be seen.
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2. Basic conditions of the questioning

Together with one of my dudents | crested a questioning focussong on problem
orientation in mathematics teaching in generd and geometry teaching in specid. For each part
twelve items were put down. At the end there was left a space for remarks. For dl items it was
used the scde - 2 (total disagreement), - 1 (disagreement), O (both...and/ don’t know), +1
(agreement), +2 (total agreement) and k (no answer). For al items this scale was wsed twice:
Once in respect to mathematics education they know from school ('1S-gtate') and secondly in
respekt to their wishes ("SHALL-gate"). The items have been the following ones:

For my beief it is pat of mathemdtics teaching that (1) you have to espress everything
very exactly, (2) you dso work in groups on problems, (3) the right solution will be found
as quickly as possible, (4) you have to reflect on problemsitasks and find ideas and solutions,
(5) pupils should develop and present own problems sometimes, (6) pupils should work on
problems done more frequent, (7) you may guess, puzzle, suppose sometimes, (8) the way
of solution is secondarily, (9) you must learn rules, expressons and procedures by heart,
(10) there are normdly more ways to solve problemsitasks, (11) there are given schemes to
get the result, (12) you always get told exactly what to do.

For my belief it is pat of geomelry teaching that (13) you can understand redlity good
with geometry, (14) calculaion is to d only a little, (15) aesthetic and architecturd aspects
ae important, (16) there are often different levels of solution (vivid, condructive, formd,
etc), (17) darifying of concepts is important, (18) you often draw and make things with
your hand, (19) you have to proof a lot, (20) bringing out and gpplying formulas for length,
aea and volume is in the foreground, (21) you often have to try or atempt and solve
problems, (22) you often have to deal with abstract constructs of ideas, (23) applications
gopear only in the lead-in-phase for better motivation, (24) the main focus is geometry of
mappings.

The quedioning was done in autumn 1999 in Bidefdd. The quesionaire was given to
teacher-students who want to become mathematics teacher of unior secondary school as well
as to mathematicsteechers of al four types of junior secondary school (i. e Gymnasum,
Red schule, Hauptschule, Gesamtschule).

The number of students who gave back a filled up questionaire was 67 with 20 from them
who were firg year sdudents (freshmen). The number of teachers who gave back a filled up
guestionaire was 25.

3. Beliefs of teacher-students

In the following we will have a lock a the results of some sdected items which refer

directly to problem orientation. We sart with the results of the students and the items 7, 4
and 5.

Already with these three items we can see a general trend which came out nearly by al
answers of the students refering to problem orientation: The point of gravity lies between the
two last columns or even only in the last column. This means that the students have serious
wishes in respect to problem orientated mathematics teaching (SHALL-state more than +1).
We dso can see another trend: Differences between the 1S-dtate and the SHALL-dtate
wheress in item 5 the IS-dtate even is clear negativ. To develop own problems in mathematics
therefore mugt be an aspect of mathematics teaching which has to be inddled or intensfied.
Item 4 differs a little bit from this trend. Probably the sense of this item has to be cleared up
because the term "reflect on” (in the German text: ”nachdenken Uber etwas’) has a least two
meanings, in avery smple way on one hand and on the meta-level on the other hand.
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I[tem 7 : you may guess, puzzle, suppose sometimes

Is / Shall -2 -1 0 +1 +2 no. a. Sumis
-2 1 - - 2 2 - 5
-1 1 1 4 4 1 11
0 - 3 13 7 - 23
+1 1 1 8 9 1 20
+2 - - 1 5 - 6
no. a. - - - 2 - - 2
Sum Shall 1 2 5 28 29 2 67
Mean. [ISstate +0.17 SHALL-state +1.26 Difference (Shdl-Is) +1.09
(Freshmen +0.33) (Freshmen +1.00)

Item 4 : you haveto reflect on problems (tasks) and find ideas/solutions

Is / Shall no. a. Sum s
-2 - 0
-1 - 13
0 - 12
+1 1 30
+2 - 10
no. a. - 2
Sum Shall 1 67
Mean: |ISstate +0.57 SHALL-state +1.73 Difference (Shall-1s) +1.16
(Freshmen +0.50) (Freshmen +1.55)

Item 5 : pupils should develop and present own problems sometimes

Is / Shall -2 -1 0 +1 +2 no. a. umls
-2 - - 3 21 7 1 32
-1 - - 1 6 8 1 16
0 - - 5 1 - 6
+1 - 1 7 - 8
+2 1 1 - - 2
no. a. - - - - 2 1 3
Sum Shall 1 0 4 30 29 3 67
Mean. ISstate - 1.06 SHALL-state +1.34 Difference (Shdll-Is) +2.40
(Freshmen -1.22) (Freshmen +1.00)

If we want to distingues between the firs-year-students (freshmen) and the elder students
we can say: From dl items (with one exception aso the other ones) it comes out that the
means of the freshmen are lower than those of dl students for Is-dtae as wdl as Shal-state. |
don't kwow how to interprete this. It might be that freshmen tend to see everything more bad
or that for elder students the past has become transfigured aready alittle bit.

Let us now have a look on two other items which refer to problem orientation in geometry
teaching. The pictureisvery smilar to thet of the others.
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Item 16 : there are often different levels of solution in geometry
(vivid, constructive, formal, etc.)

Shall -2 -1 0 +1 +2 no. a. Sumis
Is
-2 2 1 - 3
-1 6 7 - 15
0 5 7 1 16
+1 13 8 - 21
+2 1 6 - 7
no. a. - - - 2 1 2 5
Sum Shall 1 0 4 29 30 3 67
Mean: |ISstate +0.32 SHALL-state +1.36 Difference (Shal-Is) +1.04

(Freshmen +0.28) (Freshmen +0.75)

Item 21 : you often haveto try or attempt and solve problemsin geometry

Shall -2 -1 0 +1 +2 no. a. Sumls
Is
-2 - 3 - 3
-1 10 3 - 14
0 7 5 - 18
+1 12 7 1 22
+2 3 4 - 8
no. a. 2 - - 2
Sum Shall 34 22 1 67
Mean. [ISstate +0.28 SHALL-state +1.17 Difference (Shall-Is) +0.89

(Freshmen +0.28) (Freshmen +1.15)

4. Beliefs of teacher s of mathematics in secondary schools

We will complete the picture about beliefs of problem orientation within mathematics
teaching by looking at the results of the teachers refering to the same items as before.

Item 7 : you may guess, puzzle,suppose sometimes

Is / Shall -2 -1 0 +1 +2 no. a Sum s
-2 - 0
-1 - 4
0 - 4
+1 - 11
+2 - 6
no. a. - 0
Sum Shall 0 25
Mean: IS-state +0.76 SHALL-state +1.40 Difference (Shall-Is) +0.64
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Item 4 : you haveto reflect on problems (tasks) and find ideas/solutions

Is / Shall -2 -1 0 +1 +2 no. a. Sum s
-2 - 2
-1 - 2
0 - 2
+1 - 18
+2 - 1
no. a. - - - - - - 0
Sum Shall 0 0 1 8 16 0 25
Mean: |ISdtate +0.56 SHALL-state +1.60 Difference (Shall-1s) +1.04

Item 5 : pupils should develop and present own problems sometimes

Is / Shall -2 -1 0 +1 +2 no. a. Sum s

-2 3 1 - 6

-1 7 2 - 10

0 2 - - 2

+1 3 3 - 6

+2 - 1 - 1

no. a. - - - - - - 0
Sum Shall 0 0 3 15 7 0 25

Mean: ISstate - 0.56 SHALL-state +1.16 Difference (Shall-1s) +0.60

Item 16 : there are often different levels of solution in geometry

(vivid, constructive, formal, etc.)

Is/ Shall -2 -1 0 +1 +2 no. a Sumls
-2 - - - - 0
-1 - - 1 - - 3
0 - - 3 5 - - 8
+1 - - - 5 5 - 10
+2 - - - - 4 - 4
no. a. - - - - - - 0
Sum Shall 0 0 4 10 11 0 25
Mean: |S-state +0.60 SHALL-state +1.28 Difference (Shall-1s) +0.68
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Item 21 : you often haveto try or attempt and solve problemsin geometry

Is / Shall -2 -1 0 +1 +2 no. a. Sum s
-2 - 0
-1 - 7
0 - 6
+1 - 12
+2 - 0
no. a. - - - - - - 0
Sum Shall 0 2 4 11 8 0 25
Mean: ISdate +0.20 SHALL-state +1.00 Difference (Shall-Is) +0.80

All items except number 5 have ther centre of gravity in the edge right down. This means
that the teachers have a podtive belief about problem orientation in mathematics teaching in
respect to the SHALL-date (like the students) as wdl as in the IS-dae. Ther view of the
redity therefore is different to those of the students. Until now | cannot say if the teachers
focus on problem orientation (with other topics we find dso other pictures) is different to that
of the sudents or if the teachers don't see ther own tesching redity with critical eyes. This
agpect must be examined more in future,
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Abstract

This research project makes a contribution to the subject of computer-assisted learning.

It is based on a Class 7 teaching unit composed of standard topics from the teaching of
geometry.

This article presents some initial experience with the use of work sheets produced by
Cinderella Dynamic-Geometry Software in class.

1. Introduction

Previous curricula will undoubtedly change due to the increesng use of Dynamic-
Geometry Software (DGS) in teaching. The question of the influence of the computer in the
success of teaching mathematics needs to be examined closdy. The conditions under which
children learn have changed, but tried and tested teaching concepts are ill lacking. Teaching
units on the application of computers in lessons must be set up. Empirica sudies of the
teaching and learning processes in connection with DGS are few and far between.

2. Range and Goals of the Project

The research project being consdered here is intended to make a contribution to the ream
of computer-aded learning. The god is to research the changed sdf-controlled learning
process. Within this framework, we hope to retain the pupil’s norma environment as far as
possible whilgt taking advantage of the computer as a medium.

Previous results from research into learning environments using DGS in the cdassoom ae
rare.

Those available, cf. HolzI [1999, p. 290 ff, 301], lead to the following conclusions:
New technica problems arise due to the new medium and the use of DGS

Technicad problems aisng during work on execses influence pupils learning
processes

Thelarge number of available tools done puts high demands on pupils concentration

Possible result: lower learning levels due to areduction in concentration

The use of dynamic drawing aress is seen to be of particular advantage in cases where
advanced experience in learning mathematics dready exigts.

These conclusons tend to indicate new problems rather than new posshbilities for
mathematics teaching. From my perspective, however, the changes in the learning
environment and in the design of the research project will lead to new and different results.

An assation made by Raner Grielhanmer points towards an important factor in the
learning process when usng a computer that has so far not been heeded: the computer does
not replace paper!
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“New technologies usually complement older ones: the book does not replace the spoken word, nor the
telephone the letter, nor the television the radio, nor the computer the paper.”

Apart from that, according to Knéf3 [1989, p.63 ff] and transferred from the teaching of
computer science, the following fundamenta activiies beong to the teaching of
Mathemdtics modularisng, dructuring, presenting, redisng, evaluating. These can be a
guiddine for determining the learning environment. In paticular, the presentation and
documentation of the results are for the pupil an important aid in his learning process.

In the framework of our project, this perception guided us to a different learning
environment and research plan. Comparing the margind factors, for example, in the work of
Holzl (1999, S.292), with our research results, the following picture appears.

Factorsin the Holzl study: Marginal factorsin the Class 7 research
. project:
Selected test persons with supplementary
training facilitate the teaching - Limitation of changesto afamiliar learning
Special teaching topics envirorlment.
A long introductory phase in the use of the Retention of the teacher

tools - Standard topic
Text of the problem taken from school books

Different types of documentation

Fig. 1. Comparison of the marginal factors

Since changes in learning conditions can influence success, any changes in externd factors
of the learning process are minimised. The specific teacher is an important influencing factor
and is retained as a congtituent of the pupil’s trusted learning environment. Standard problems
from issued school textbooks represent the basis for the interactive work sheets we use.

Within the framework of a two-week teaching unit in geometry for Class 7, interactive
work sheets are being planned to cover the obligatory topics ‘Perpendicular Bisectors and
Angle Bisectors from the NRW curriculum (1993, p. 49). Standard problems from school
textbooks will be trangposed to interactive work sheets with the aid of the geometry software
Cinderdla* The basic tools to be used are a par of compasses, a ruler and movesble
elements.

3. Work Sheetswith Cinderdlla

The Geometry-Software Cinderdlla® makes it possible to produce so-caled ‘interactive
work sheets. They are produce by the teacher usng DGS and can be worked on in a browser
by the pupil. The teacher determines which tools are to be used and can, therefore, choose
those mogt suitable for hisgodl.

The other tools are not vishble to the pupil while he is working on the given work sheet.
The interactive work sheets include accessible help files and an internd check on the offered
solution is available through an automatic proof window (Cf. Kortenkamp 1999), even if the
pupil should have changed the initid form of the problem.

2 Cinderellawas conceived and written by Jirgen Richter-Gebert and Ulrich Kortenkamp. It was based on a
non-commercial pilot version by Richter-Gebert and Henry Crapo. The programme is marketed by Springer-
Publishing and as a school version by Klett.
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Independent of his chosen solution or of changes to the initid problem, the pupil will
receive a message of confirmation on finding a correct answer. The nature of this message can
be determined arbitrarily by the teacher.

Hinweis bearbeiten [ x|
centre of the circle
Mame dieses Hinweises: Ihlnt no. 1
The construction of a perpendicular bisectoris
necessary.
hint no. 1 Wiartezeit in Sekunden vor dermn Hinzufigen der Elemente: |1 a
Thi= perpendicular hisector can help you
hint no. 2 Hinweiselemente:['c"]
‘Wartezeit in Sekunden vor dern nachsten Hinweis: 10
N You are on the right track:
solution.1 ‘
= ; A 7
‘.f‘l;}-.'_s | Meuer Hinweis | Meue Losung |
Al | Auswahl holen ‘ | Auswahl setzen | | Hinweis Idschen |

Fig. 2: Construction and Input Editor of the Hints

Teaching can only be redly effective for the pupil if his learning process is not hindered or
influenced by turnkey solutions The teacher often unconscioudy provides helpful  but
objective tips that frequently miss the pupil’s own ideas completely and at lkest hinder or nip
in the bud what could otherwise be excdlent individua concepts.

Exercises should encourage pupils to accept the problem, leave open many paths to the
solution and make possible various learning objectives. The needs of society and the reeds of
the individud to see an evauation, demand away of checking solutions.

Possible construction of the interactive worksheet: Problem: The centre of thecircleis I’GCIUi red

Given: circlewith two chords
Available Tools;

R

Move-Mode, Add Point, Straight Line through Two Points,
Compasses, Measure Angle, Back, Help/Hints, Start Again

Possible Help: Hint - perpendicular bisectors

Fig. 3. Parts of the Interactive Worksheets

4. Types of Documentation Used

In order to open up the different phases of a pupil’s knowledge, vaious forms of
documentation ae necessxry. Ruf/Gdlin [1998] pointed out a diary-based method of
achieving feedback that is based on the interpretation of teaching as an individud learning
process. If
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different functions are ascribed to each dage of the learning process, differing forms of
documentation for learning ensue.

Stages of the

L earning Process Functions Type of Documentation

Preview Discovering the beginnings of asolution Notebook
Path Organising the Learning process Notebook

L earning to control the learning process Record-files
Self-control Notebook

Product General discussion of results Record-files

Testing ideas Copy
Review Self-evaluation Diary Entries

Fig. 4: Correlation of Types of Documentation and Sages in the Learning Process

4.1 Notebook

Pardle to the interactive work sheets, to provide a better overview and avoid scrolling in
the windows, the pupil has a notebook that accepts the text of the current problem and
provides space for personal notes. Initid ideas for a solution and aso results can be stored
here. Furthermore, it dlows the pupil to work with the conventiona tools of geometry.

4.2 Record-Files

During the work phase, dl a pupil’s on-screen activities are recorded in project record-
files The files provide information on the use of programme tools. Conclusons on changes in
the use of tools can aso be drawn.

4.3 Diary Records

The ided dtuation would be represented by a place of learning where the pupil would not
first search for a formula, a standard solution or other guiddines, but would dlow himsdf to
learn by testing his idess, by rdecting some whilst recognisng ther vaue and trying again.
He would be prepared to document his paths and give information on his conclusons to
others. By hdping a pupil to build such knowledge and capabilities, the teacher gains a new
gopreciation and evauation of pupil products and recognition of a more advanced definition
of achievement. The diary records that are used in this project, showing individual traces of
the learning path, represent first steps in developing the concept of independent and individud
learning.

Holzl {1999} draws atention to the influence of technica difficulties during work on
problems using the above-mentioned geometry software. The large number of available tools
demands concentration from the pupils and could, therefore, limit improvements in the
learning process. Such possble difficulties, regected attempts a solutions and unexpected
hurdles in the text of the problem are examined by using the diary records. This is the medium
the pupil uses after each lesson to re-examine his work. It permits the pupil’s sdf-evauation
of hislearning process.
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The diary records embrace the following levels of reflection:

Assessment of the cognitive level

Recording of difficulties with the work sheets
Assesament of affective learning objectives
Feedback towards co-operation with fellow-pupils.

5. First Results

Thefollowing results can dready be recognised from the current study:

. Interaction between pupils changed in the course of a teaching unit. Increasing
familiarity with the new learning gStuationcaused the experimenting phases to expand.
This is dealy shown by the increasing size of the record- files In the 6" Learning
Block, learning retention was tested which led to a reduction in time spent on interactive

computer work.
2500
2000 010.05.00 100 010.05.00
B1205.00 80 ®12 05.00
016.05.00 O
1500 017 05 00 60 16.05.00
- 017.05.00
832.05.00 40 1
1000 T [ ]
823.05.00 i 22.05.00
500 1 W24.05.00 20 023.05.00
025.05.00 0 ®24.05.00
0 Number of files 025.05.00
File Size (kB)

Fig. 5. Changesin File Sze and Number of Record files

The work sheets can be easly integrated into the various learning environments. No
time-consuming introductory phases are necessary. However, a phase of free
experimenting with the tools a the beginning of the teaching unit seems to be judicious.
Technica problems with the tools were dmost nontexisent and had no effect on the
pleasure of experimenting and learning.

The prime idea of “Digance-Thinking” seems to be an acceptable concept for the
goplication of movable dements.

6. Outlook

The evduation of the research results centres on the reationship ‘Computer-Pupil’ and
then concentrates on the following points:

Influence of the interactive work sheets on the learning process

Changes in the gpproach to problem solving

Possibilities of trangposing conventiona problems to texts appropriate for computers
New difficulties caused by using interactive work sheets

Acceptance of diary records by the pupil

Effects of written records on a pupil’ s learning achievement

It will be one of the tasks of mathematics teaching in the future to design programmes for
teaching with the aid of the computer.
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L addering - A skill to know more

Kirsti Hoskonen
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Abstract

Laddering is a smple method to hear what people are going to say behind their words.
The questions are simple: Why? Which do you prefer the construct or its opposite and why?
In aninterview a girl, aged 16 is thinking of her learning in mathematics.

Do we know why we do things the way we do? Are we able to answer if somebody should
ask ‘How do you learn? ‘Why do you study? Does a student know it? All people have their
own implicit theories based on ther earlier experiences. They are ether conscious or
unconscious and they regulate people€'s behaviour. Kely [5] has cdled these theories a
congruction system in his theory of persond congructs. It condsts of a group of ‘thoughts
through which a person looks a the world around him or her, makes obsarvations of it,
interprets and tests his or her theory of it and changes it if necessary. According to Kdly this
sysem consggs of bipolar condructs, i.e. a person uses perceved Smilarities and differences
to interpret events (e.g. good vs. bad) (Fransella& Bannister [3])

Laddering

According to Kely the condruction sysem is hierarchicd where some congructs, core
condructs are centrd. They are important for the individud and difficult to dter. Some others
are peripherd. Hinkle [4] used the term laddering to describe the skill to hear what people are
saying behind ther words (Fransdla [1]). Laddering up smply means asking ‘why? The
interviewee is asked which of the two poles of a congtruct he or she prefers and why. The
interviewer continues and_asks again ‘why did he or she choose this dternative? . After some
questions, you usudly come to the region of core condructs. It is possble to get to know
something of the vadues of the interviewee. If you want to know more about the core
congtructs, you ladder down. Then you ask ‘how? or ‘how are x and y different? .

The theory of constructs shows that everybody has basic congtructs to interpret the world
around them. It is strange and traumatic to change these congtructs. Good — bad is a core
congruct for many of us it is the same with the rdigious congructs, too. If the interviewee
can't explan anymore, he or she is near the core condructs. The interviewee only repests the
constructs and they frequently show up by accident. There are many reasons why one should
be very careful when consdering the core constructs:

1. Sdf-deception. People often have an image of themsdves different from the redity.
They may become disturbed if the grid interview reveds that their core congructs are
different from their treasured self-image.

2. Internal contradictions. It is possble that people have mutudly contradicting core
congructs, which are kept apart with consderable psychologica energy, mostly
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unconscioudy. It may result a difficult trauma if the contradictions are reveded in the
grid interview.
3. Need to know. Is there redly any need to know the core congtructs? The interview

should be a confidentia discusson and the interviewees should fed that they can trust
the interviewer. (Stepwart [6])

I nterview

In my sudy | try to find ot what the dudents themsdves think of thar learning in
mathematics. The method used is a repertory grid interview. Different events in students
minds when learning are the dements of this sudy. They have to group these dements to
formulate condructs. My interviewee, Anna, aged 16, is girl on the ninth grade. According to
her teacher she has succeeded in learning mathematics dightly above the average.

The interview begins when Anna is asked to think what features a good <Sudent in
mathematics has. She is aso asked how she understands the phrase ‘to be poor in
mathematics. She answers the questions and chooses the ones which are relevant to her.
They ae the essentid edements in this study. (The character plus means that the eement
applies to her the minus does't apply to her.)

What do you think agood student is like?
What isthe way a good student studies?
What does it mean to be poor a mathematics?

She groups these features (elements) according to their common characteristics and they
make up condructs. Then she is asked to select from a group from three eements the two that
ae the most dmilar and sy in wha ways they are amilar and what the opposte of this
amilaity is

An example of the laddering technique

The interview continues with laddering in order to get closer to the core condructs, the
most important congructs. The following is an example of the condructs — a par of
oppostes. Working together with other people (openness) — withdrawal

K: What do you mean by the withdrawal?

A: In the firg place that ... working with other students is openness. You are able to
express your own opinion, to give idess. And withdrawad means thet ... those ideas ... you
are not able to share them.

PAUSE

K: Of the congtruct — opposite pair ‘openness — withdrawd’ you chose the fird and sad
it' s easy for you to get on with other people. Isthat the reason, why you' d chosen the fist?

A: W, | could add that it's easy to give ideas and it's dso easy to Utilize them.

K: If we continue this. Y ou say that it's easy to recaive ideas. What is the opposite?

A: Take. No. Mm.

PAUSE

K: What is the opposite?

PAUSE

A:lfind ... takeidess. To utilize others idess.

K: Which of these two suits you better?
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A: two.

K: This suits you better. (Mm) Why?

PAUSE

A: | redized it sO many times ... or perhgps easer ... or don't know ... utilize ... | am a

little afrad of giving my idess, if somebody turns them down ... even tough | shouldn't be
afrad but ...

K: Isyour fear connected somehow ... the fear of somebody rejecting your ideas?

A:Mm

K: Has it something to do with sudying?

A:Yes

PAUSE

What is "the opposite?

PAUSE

A: Perhaps, ...that it doesn't matter to you if you are turned down, so ... you grow because
of that turning down or perhaps you can develop that ideainto anew one.

K: Which of thetwo istypicd of you?

A: Thefirg.

K: Why?

LONG PAUSE

A: No, perhaps therefore you have afeding what kind of image they will getif ... |
propose an ideaand then ... if it sstupid, | don't think so, but the others, what kind of an
image they get if | propose that acertain ides, that | have in my head, | proposed that idea,
will they remember, whet | am like?

K: Areyou taking about reveding your sdlf?

A: Somehow that proposal is connected to me.

K: Did you mean that you are afraid of reveding your sdf?

A: Wdll, yea to some people, they can get a wrong image, dthough your sdf is ok, and
meanswdl , they can get awrong image of it.

K: What's the opposite?

PAUSE

A: Something like ... that you are open. You are able to express... dl the things from your
ingde... you can be .. PAUSE .. you can reved the idess, it doesn't matter what kind of image
the others get. If you yoursdf know what you are like it doesn't matter so much to you. You
yoursalf know what you are like, you don’t bother with he others' opinions of you..

K: Which of them ismoretypicd for you?

PAUSE

A: It depends on the person. You are able to tdl familiar people everything because they
know what you are like. You have not changed in any way. You have a fear of reveding
yourself to strangers and you don’t worry about people you know.

K: Both in principle. (Mm) Can you say why?

PAUSE

K: What isit about?

PAUSE

A: Tha fear has something to do with sdf-confidence. I'm not necessxrily so <df-
confident ... that ... with the people you know you can be sdf-confident. You are afraid of
reveding something of yoursdlf to strange people. Although there is nothing to hide.

K: What's the opposite?

LONG PAUSE
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A: It could be a fear of reveding your own sdf or something like it. PAUSE. Wdll, that is
what | mean.

K: Which of them do you prefer?

A: Thefird.

K: Can you give reasonsfor it?

PAUSE

A: Indl stuaions| trust on mysdlf &t least. | try to do my best. At least | have tried.

K: Doesit show your sdlf-confidence?

A: Yeg, | trus mysdf. | try to do my best.

(13 min)

CORE CONSTRUCTS?
It is possible show thisinterview in atable:

Working together with other people (openness) — withdrawa
I
(it's easy to manage with other people, it is easy to give and take ideas)
I

It'seasy to give ideas— to utilize others ideas volunteered
A Ifear of turning down the ideas — redevel oping the ideas
A Ifear of reveding your own sdlf — theimage made of you by others
doesn't bother
Alnew person Iafarniliar person
Sellf-confidmce— afear of reveding your own sdif
A Istrive to do one's best

The last condruct with the opposites was sdf-confidence - a fear of reveding your own
sf, where she wanted to say she was doing her best. This same congruct was a result in
another interview, too. The interview continued untii Anna began to repeat her thoughts.
Laddering gave the condructions. seeking for on€'s own limits, sdf-confidence - fear of the
«df and udang thething learned in red life.

Anna was a student of mine for one and a haf years and so we knew each other. She
volunteered when | asked my dudents for an interview. | think our reationship was
confidentid and she fdt secure. In the interview she sad many times ’'| have never thought
about these things or it is a difficult question’. In the course of the interview she told me a
lot about hersdlf, about her fedings to school and some teachers, which | regarded as a sgn of
trust. Never did she say she would prefer not to talk about something.

This technique reveds the condructs which the interviewees don't tel in the grid
interview. Purpose is to try to undersgand the interviewees and to get to know how they
connect one condruct to another. | agree with Fransdla [2], when she says that |addering is a
method that helps us to understand each other.
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Abstract

The principal objective of this paper is to reveal how the style of qualitative research
known as the ” grounded theory approach” was applied in my study (Huhtala 2000) which
attempted to generate a theory of a student’s own mathematics which leads to drug
calculation errors.

1. Introduction

Grounded theory method (developed by Ansdm Strauss and Baney Glaser in the early
1960s) haes its roots in the symbolic interactionist tradition (Blumer 1986, Bogdan & Biklen
1992, Woods 1992) which is based on three premises.

Human beings act toward things based on the meanings that the things have for them. The meaning arises out
of the social interaction that one has with one’s fellows. [And] that these meanings are modified through an
interpretative process used by the person in dealing with the thing he encounters. (Blumer 1986, 2)

The grounded theory method is quditaive and inductive, andysng data from the
empirical world, from which categories and concepts are emerged. The grounded theory
method stresses that theory must come from data and that the operations leading to theoretica
conceptualisations must be revealed.

The Elements of Grounded Theory

Concepts are the basic units of andyss snce it is from conceptudisation data that theory is
developed.

A concept is a labelled phenomenon. It is an abstract representation of an event, object, or action /
interaction that a researcher identifies as being significant in the data The purpose behind naming
phenomena is to enable researchers to group similar events, happenings, and objects under a common
heading or classification. (Strauss & Corbin 1998, 103)

After naming phenomena a researcher must begin to group these concepts according to
their properties under categories which form the second eement of grounded theory.

...once concepts begin to accumulate, the analyst should begin the process of grouping them or categorising
them under more abstract explanatory terms, that is categories. (Strauss & Corbin 1998, 114)

Categories are higher in level and more abstract than the concepts they represent. They are
generated through the same andytic process of making comparisons to highlight similarities
and differences that is used to produce lower level concepts.  Categories are the
"cornerstones’ of developing theory. They provide the means by which the theory can be
integrated. (Strauss & Corbin 1990, 7)
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2. Backgrounds of my study and data collection

My sudy was based on a nationd test given to dl the firs qualifying practical nurses
(November 1995) an on the reaults of the test. There was one drug caculaion in the test and
536 % of the 3344 qudifying practicd nurses were able to solve the caculation. The
practical nurses are, however, required correctness in drug caculations as early as during ther
gudies and in their future working life a the lates. The contradiction between the students’
poor ability and the am of accuracy on the other hand started my study.

| wanted to know what mathematics means to practical nurse students. What do they think
about mathematics, what kind of emotions do they have towards mathematics, how do they
sudy mahematics What is a sudent’'s own mathematics which leads to drug cdculation
errors?

The student’s own mathemétics here refers to the ways which the students themsdaves have
developed to study, to understand and to use mathematics. The student’s own mathematics
develops over a long period of time and manly through school indruction. That is why it
cannot be described asit is at present, but it isaso essentia to know how it has been formed.

The principd way to collect the data was to run a mahemdics dinic in one Ingtitute of
Socid and Hedth Care. | offered remedid mahematics indruction and smdl group
indruction during the actua mathematics lessons. Nearly 70 students visited the dlinic in two
years time. All the clinic sessons were tape-recorded (total about 130 hours).

3. Data analysis

In my study data collection and data analyss were interrdated. Daa andyss involved
generating concepts through the process of coding. There are three types of coding: open
coding, axid coding and sdective coding.

Open coding refers to that pat of anadyds that deds with the labelling and categorisng of
phenomenaas indicated by the data. (Pandit 1996)
Open coding is the analytic process through which concepts are identified. (Strauss & Corbin 1998, 101)

Whereas open coding fractures the data into concepts and categories, axial coding puts
those data back together in new ways by making connections between a category and its
subcategories. (Pandit 1996)

Axial coding isthe process of relating categories to their subcategories. (Strauss & Corbin 1998, 123)

Selective coding isthe process of integrating and refining the theory. (Strauss & Corbin 1998, 143)

Sdective coding involves the integration of the categories that have been developed to
form the initia theoretica framework. (Pandit 1996) A researcher must find a core category
(or more) which tells about the centrd phenomenon of the study.

The core category must be the sun, standing in orderly systematic relationships to its planets. (Strauss &
Corbin 1990, 124)

Other categories are related to this core category to develop atheory.

An excapt from labeling my data (identifying concepts) follows. It is about one student
trying to understand and caculate percents in the mathematics clinic.
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Part of the data

Isthe hundred percentsthat 29007?
Because | don’t see any other numbers...
| can’t ever learn how to get that
hundred per cents.

| only wish | could understand...

| don’t have time when you are already
calculating...

Thisisunfair that you only teach those others
and you don’t show metheway which | can!

A concept (or a subcategory)

Difficulty to understand word problems
| am not able to learn mathematics

Despair
Sowness, feding of inferiority

Getting nervous, atacking

|"ve had enough. Getting depressed, despair, giving up
| can’t ever passthis. Defending,

Oh hdl, I don"t under stand this! attacking, aggression

2100 isthat difference. Copying

What difference? | subtracted here also, Superficid drategy

because that was donein the previous task. Trying to find out arule, a pattern

In these you can never usethe samerule...

Thisisavery stupid question.

What do you need that knowledge for anyway?

Defending, attacking, trying to hide her
difficulties

Not wanting to have anything to do with

mathemeatics
Y ou don’t need mathematics
Attacking

After naming, labelling the phenomena | had a lot of concepts. The concepts seemed to
tell about the experiences the students have had in mathematics and about experiences of
themsdves as learners in mathemdics in the past years, about ther emotions toward
mathematics and about the ways they are now trying to sudy mathemdtics, the drategies they
are udng to learn mathematics. So | could group the concepts under different categories like
"mathematics has adways been difficult for me’, "I hae mathematics’, "math anxiety”,
"mathematics makes me fed dupid’, "trying to find out rules’, "usng minitheories’, "using
superficid  drategies’, "learning by heat”, “avoiding mathematics’, “escgping from
mathematics’, "guessng” etc. Categories were sorted out to subcategories and higher
categories. This was followed by discovery of three core categories which form the story line
of the theory of student’s own mathematics. These core categories are experiences, emotions
and encounters.

4. Theory of Student”s Own Mathematics

My daa shows that a Sudent’s rdationship with mathematics, or his or her own
mathematics, darts to develop a the beginning of the lower level of comprehensve school.
The learning experiences over the years form the basis of the rdationship with mathematics,
Different emotions towards mahematics in turn arise from the nature of these experiences.
The experiences and emations together have an influence on how mahematics presents itsdlf
to the students at present. Therefore, the student’s own mathematics is formed of the three
core categories. experiences, emotions and encounters. (Figure 1)
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EXPERIENCES EMOTIONS ENCOUNTERS
What kind of learning —» What the Student feds —> How the
Sudent

experiences a sudent has toward mathematics ‘ sudies mathemeatics

Figure 1: Sudent’s Own Mathematics
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Abstract

This specific study attempts to scrutinize the componential structure of the Greek
secondary-school pupils beliefs per class as regards the teaching and learning of
Mathematics. The survey took place in five (5) countries ssmultaneously: Cyprus, Finland,
Russia, the USA and Greece. The results of the survey in Greece demonstrated that the
created model is in accordance with the formed international model concerning four (4)
factors (content, nature, learning and teacher) but it differs as regards the work on
Mathematics factor.

Introduction

The dgnificance of pupils beliefs aout Mahematics is wdl-known in mahematica
education. These beliefs and dtitudes have dtracted researchers interest in relevant studies.
(Mc Leod, 1989, 1992; Schoenfeld, 1989; Barkatsas and Hunting, 1996; Leder, 1993). The
emotional sector seems to contribute ggnificantly to the learning of Mathematics no matter
whether Mathematics is described as pure science or not. (Goldin,1988; Debellis & Goldin,
1997).

Cognitive theories had avoided the study of the emationd field for a long period of time.
Severd theories have recently dedt with this cognitive object (Hannula, 1998b; Goleman,
1995; Risnes 1998; 99).

The findings of the dudies dae that the cognitive emotions related to learning are direct
and often intense. Moreover pupils beliefs are organized in structured modes which depend
on the socio-culturd environment, behaviour and internd persond factors.

PupilsSbeliefs about Mathematics dso seem to be influenced by mathematica education
ad the chaacter of mahematicd leaning in each country (Dematte, Eccher,
Furinghetti,1999). This is s0 because the content of mahematica education is not universdly
acceptable wheress that of Mathemétics is Matheméaticians face Mathematics mainly as a
pure science which has its own reasons of exisence independently of the red world and the
socid definition of Mathematics On the contrary, pupils develop a socid view about
Mathematics and face it not only as a pure scientific object but dso as a cuturd fact, a part of
the world outsde school (Hannula& Mamivuori, 1999).

The question asked is whether the pupils beliefs about the concepts of Mathematics and its
teaching and learning are of a universal nature or whether they confine themsdlves to the
education and culture of each country (Christou, Pehkonen, Philippou, 1999).
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The objectives of thisstudy are:

The scrutiny of the componentid sructure of the pupils (aged 12-15) beliefs. In
Greece.

The comparison of the dudy findings with the generated internationd mode of Christou
& Philippou, 1997, Pehkonen, 1998.

The scrutiny of the dability of the Structure from one class to another at secondary
school.

The study of the influence of the pupils dass and sex to the extent their beliefs about
Mathemeatics agree to the modern teaching trends.

To study the students attitudes towards open questions.

Study Methodology

1399 secondary school pupils (aged 12-15) at 22 secondary schools in Athens and the
provinces paticipated in the survey during the 1998-99 school term. The schools were
selected by the process of random sampling. We took a random sample of a section from each
class(A’,B’,C’) a every secondary school.

Pupils beliefs were gauged with the ad of a specidly desgned identical questionnaire for
al five countries. Table 1 shows the distribution of pupils according to the class and sex.

A Likert questionnaire comprising 32 questions (Pehkonen 1998) with an answer range 15
(A=fully agree, 2=agree, 3= no opinion, 4= disagree, 5=fully disagree) was used to
demondrate secondary school pupils beliefs Older studies (Christou and Philippou, 1997;
Pehkonen, 1998), showed that the pupils bdief system regarding Mathematics is a structure
of five fectors.

Results

We scrutinized the factorid dructure of the secondary school puplis beliefs with the aid of
the Principad Component Analyss (PCA) and Varimax as a rotation method. We used 15 out
of the 32 quedtions in this study. According to the mode of Christou and Philippou, 1997,
Pehkonen, 1998 each of the five components of pupils beliefs is expressed by three
questions.

At firg we dudied the beliefs questionnaire factoria Structure for each class separady. In
al three cases (A’, B', C' class) we chose to extract five components according to the
criterion of component disperson (>1). The results are given in table 1, in which we have
used the total number of pupils.

Then we went on to study the development of the pupils beliefs from one class to another
as wdl as the differences between the two sexes and did a Multivariate andyss of Variance
(Manova). We found significant differences between the two sexes {Wilks F(4,1360)=5,544;
p<0,001}, and among the three classes {Wilks F(8,2720)=9,74; p<0,001} in the multivariate
test (table 2 and table 3). The pupils class seems to influence their beliefs as regards the
learning, content and nature of Mathematics.

In the reply texts we looked for key words in order to classfy the students answers into
categories. The answers to the question:

"What pogtive experiences have you had so far in rdation to the teaching of
Mathematics?' were classfied into the following categories:

teeching, supportive attitude, interest in the subject, epitemological impediment,
assessment, usefulness, psychosocia environment.
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As regads ther negative experiences we found the following categories teaching,
supportive  attitude, interet in the aubject, epigemologicd impediment, assessment,
usefulness, psychosocid environment, anxiety, rejection of schooal.

The answers to the question: "How would you like the teaching of Mathematics to be?'
were classfied into the following categories:

teeching time, computing environment, tescher, supportive attitude, episemologica
impediment, assessment, usefulness, psychosocid environment, curriculum  range, interest in
subject, rgection of school, textbook.

We analysed the frequency of the answers to the three questions according to sex and class
level.

The reaults (table 4) showed that the podtive experiences manly focus on the teaching
methodology followed by the teacher (31% to 63%). The poditive experiences are linked to
the interest in Mathematics (8% to 25%) as wdl as to its usefulness (21% to 30%).
Assessment (3% to 13%) does not seem to contribute to the creation of pogtive experiences
and the pupils attitude is only dightly influenced by the environment of the classroom.

The cognitive -episemologica impediments (33% to 46%) seem to play the prominent
role in the shaping of negdive experiences. The negative experiences are to the same extent
related to the teacher's attitude (21% to 32%) and to the teaching of the subject (19% to 35%).
It is interesting to observe that the assessment does not significantly contribute (8% to 16%)
to the shaping of negative experiences. The negative experiences are bardy connected with
anxiety and the classroom environment.

As regards the teaching of Mathematics the pupils consder the teacher's teaching practice
most important (60% to 74%). Then comes the teacher’s behaviour in the classsoom (15% to
33%).

14% to 30% date their need for the incorporatiion of a computing environment into the
teaching of Mathematics.

Table 1. Principal component analysisfor the 15 questions of the Pehkonen mode! for
thetotal sample (Secondary school classesA’, B’,C’)

Components
ltems 1 2 3 4 5

E9 The solution to problems .66
E22 Areaand volume caculaions. E.g. The .65

areaof arectangle and the volume of a

cube.
E6  Thedesgn of shapes. E.g. triangles .65
E19 Theideatha Mahematicsisvauable .63
E16 Theideathat everything should dways be 7

precisdy judtified
E5  Theideathat everything should aways be 71

expressed with utmost precision.
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E32 Theideathat theteacher should awaystell .67
the pupils exactly whét to do.
E26 Theideathat the teacher should explain .58
every dage of solving aproblem
precisdy...
E15 Theideathat the teacher should assst .56
hisher pupils when they face difficulties.
E27 Theideathat the pupils could solve -.49
problems by themselves without the
teacher’s help.
E25 Theideathat games could be used to help 74
the pupils learn Mahemétics.
E31 Theideatha sometimesthe pupilswork in .67
smal groups.
E14 The useof computers/ pocket caculators 46
E7  Theideathat we should dwaysfind the .69
correct answer promptly.
El The execution of operations from memory .65

Table 2. Means and standard deviations of the beliefs according to sex.

Mde Femde
M N SD M N SD
Learning 244 692 86 232 678 76
Content 192 692 .71 196 678 .63
Nature 221 692 97 227 677 .9
Teacher'srole 1877 692 .72 175" 678 .65

The mean figures with a different exponent have a datigticaly significant
difference.

Table 3. Means and standard deviations of the beliefs according to class

A B C

M SD M SD M SD
Learning 252 81 233 85 228" 77
Content 180% 63 197° 66 207° 69
Nature 210 91 237° 99 226" 98
Teacher'srole 1.81% 69 1.79% 73 183% 66

The mean figures with a different exponent have agatigticaly significant difference.
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Table 4. Distribution of student’s experiences according to sex and class

boy girl

A B C A B C
Positive experiences
Teeching 35.0 42.2 30.9 46.7 63.2 529
Supportive dtitude 10.0 6.7 9.9 12.1 21.1 15.3
Interest in subject 25.0 16.7 22.2 15.0 7.9 14.1
Epigt. Impediment 15.0 10.0 74 131 11.8 94
Assessment 6.3 10.0 4.9 6.5 2.6 12.9
Usefulness 27.5 311 333 29.9 21.1 24.7
Class. environment 25 2.2 25 19 13
Negative experiences
Teaching 23.8 34.8 18.9 23.9 38.1 33.3
Supportive dtitude 20.6 24.2 27.0 20.5 27.0 32.0
Interest in subject 12.7 6.1 17.6 8.0 9.5 9.3
Assessment 9.5 121 16.2 9.1 9.5 8.0
Epist. Impediment 46.0 43.9 37.8 45.5 38.1 333
Class. environment 3.2 2.7 2.3 2.7
Anxiety 3.2 14 8.0 16 4.0
Usefulness 15 3.2 1.3
Reection of school 15

Conclusions

The factor anadlyss of Greek students beliefs offered us five factors the content, nature,
teacher, learning and work on Mathematics.

The results of andyss agree to the modd of Christou and Philippou, 1997 — Pehkonen,
1998 as regards the firg four factors. We observe a difference in the fifth factor regarding the
work on Mathematics. The questions which create this component (caculations, usefulness of
Mathematics, pupils can solve the problems by themsdves) seem to disperse to the other
components which were created by our anayss.

The pupils connect the usefulness of Mathematics with its content factor. Their prevaent
opinion is that Mathematics is useful in a series of acts (problem solving, shape congtruction
and so on) which are of use to our everyday needs.

The Greek pupils perhaps perceive the work on Mathematics as an execution of operations
from memory and believe that they should find the correct answer promptly. However, these
are activities which concern their own learning abilities.

As regards the classes, class A" of high school seems to be different from classes B” and C
of high school concerning the content of Mathematics (problem solving, area and volume,
cdculatiion, shape desgn, Mathematics is useful). The younger pupils agree more than those
in classes B and C to the items that determine the content of Mathematics. Our judtification
of this is that the younger pupils gill display the primary school mentdity. They face
Mathematics as a series of acts.
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As regards the learning of Mathematics (the games can be used to help the pupils learn
Mathematics, the pupils work in smal groups, the use of cdculators/computers) the older
pupils seem to have stronger beliefs. They seem to beieve less in questions which determine
the nature of Mathematics (everything must dways be precisdy judified, everything must be
expressed in the utmost precision).

This dates that the older pupils seek new learning environments, such as the use of new
technologies, caculation environments, group cooperative teaching.

We could clam that there is a change in the direction of the pupils beliefs in the more
advanced classes towards new teaching models. The pupils of classes B® and C° seem to
ponder exploratory teaching patterns. The fact that they seem to have wesker beliefs as
regards the nature of Mathematics dtates that they seek teaching patterns in which severity
and being absolute do not preval. Therefore, the change that is observed in the more
advanced classes dlows us to consder that there is a suitable environment for the gpplication
of the new teaching models. Relevant research is in favor of the above —mentioned finding.
Pupils beliefs and the belief systems are developed through the below-mentioned high-school
levels (12-15) (Hannula, 1996) and change as pupils grow up.

We do not observe any discrepancies between the 2 sexes. The girls seem to have more
gppropriate beiefs than the boys as regards learning, a fact that implies that they are more
open to the new Earning environments. However, they seem more conventiond regarding the
behavior they expect the teacher to have in class (the teacher should dways tell the pupils
what exactly they should do, he/she should explan every stage of the solution to a problem
precisdly, he/she should help the pupils as soon as they face difficulties). The interpretation of
this should be sough in the socid role reproduced by them.

The study of the open questions ascertains that the girls lay more stress on the teacher's
role born as regards teaching and his attitude. The boys seem to be more interested in
Mathematics since they link ther podtive experience with their interest in the subject to a
greater extent. Besides the boys refer to the use of new technologies more than girls

We observe tha the need for a supportive teacher and for a better classroom environment
increases from one form to the next whereas the pupils negative experiences that are related
to the impediments to the subject decrease.

To sum up, what is dignificant is the observation that the pupils date their need for a
teacher who is both supportive and competent as regards hisher teaching. The pupils postive
experiences are related to the teacher's teaching practice and to their interest in the subject.
Their negative experiences are linked to the teacher's atitude and to the cognitive impediment
which are caused by the cognitive object.

Moreover, the pupils state their need for new learning environments.

We can therefore clam that the deeper andlyss of beliefs helps us transform current
teaching practices.
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Metaphorsand Mathematics Curricula
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University of Duisburg, Germany

Abstract

‘Education is a purposeful activity, and the curriculum is the main means whereby the
purpose of education are achieved’ [ ROBITAILLE 1993, p. 4]

It seems plausible that the conception of mathematics education has evolved over the last
50 years in Germany. Curricula dramatically changes at the beginning of the 70" worldwide.
There has been a shift from the highly theoretical to the more practical - away from ,, new
math“, and ,, back to basics*. Looking into old schoolbooks mathematics appears to be the
same asit has always been.

It is the purpose of this paper to highlight some aspects of the role of metaphor by
presenting some qualitative and some statistical results of a content analysis of curricula and
to relate the findings to more general opinions about the nature of educational metaphors.

In my research | studied the evolution of curricula to mathematics teaching by tracing
changes in the kind of metaphors. The chief result was that the statistical view on elected
metaphor s can indicate conceptions of mathematics education.

1. Metaphors and Mathematics

Our undergtanding of mathematicsis bound up with aview of reason.

The dominant tradition has been to see reason as abdract, unemotiond, universd,
disembodied and hence forma and unchangeable. The view that there does exist one unique
‘correct’” mathematics independent of any minds indicates objectivist view of mathematics.

The dominant tradition has been to see metgphors as a figure of speech with a genuine
illuminating force, emotiond, depending on models of the mind and hence unformd, quite the
opposite to mathematics.

| hope to show how concepts of metaphor can highlight aspects of the nature and principles
of mathematical discourse which is known as ‘ doing mathemétics .

1.1. Metaphors

Although there exig radicaly different ideas of what metaphors are Aridotel€'s definition
Is fundamentd: ,Metgphor consgts in giving the thing a name that belongs to something
else.." [Poetics, Chap. 21,1457b]

1.2. Metaphorical Concepts

Lakoff/Johnson [1980. Metaphors We Live By, p. 46-49] gave metaphors and ordinary
expressionsthat are specia cases of the ‘ conceptua’ metaphor:
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THEORIES ARE BUILDINGS (p. 46): Is that the foundation for your theory? .. Here are
some more facts to shore up the theory... The theory will stand or fall on the strength of
that argument. ...

IDEAS ARE PLANTS (p. 47): His ideas have findly come to fruition.

It will take years for that idea to come to full flower. The seeds of his great ideas were
planted in hisyouth. ...

UNDERSTANDING IS SEEING (p. 48): | see what you're saying. .. That is an insightful
idea. ..

1.3. Definitions and explanationsin German curricula

In German Mathematics curricula (‘Richtlinien und Lehrplane Mahematik, Nordrhein-
Wedtfaen') we find some metaphors like these ones:

Mathematik, das einzige Beispiel einer in sich gegriindeten® Wissenschaft .. [1952, p. 9]

( Mathematics, the sngle example of a science founded in itself..)

Aufbau des Denkgebaudes der Mathematik [1963, p. 31]

('the dructure of a building of mathematica thoughts)

Die besondere Aufgabe der Mathematik im Rahmen der Ubrigen Wissenschaften als
Lieferantin von geeigneten Theorien. [1972, p. 168]

( the specid task of mathematics in respect to the other scientific disciplines is the one
of asupplier of suitable theories..)

Gebiet der Mathematik [1975, S. 72]

(region of mathematics)

Gegenstande der Geometrie [1993, p. 34]

(objects of geometry)

Although we will have many difficulties in finding only one conceptud metgphor
‘MATHMATICS ARE BUILDINGS seem to be the best one describing concepts of
mathematics. On the other hand we shal try to integrate most of these explanations as
‘buildings, ‘regions, ‘objects and so on which are strongly associated with mathematics.
Probably we can draw a picture in mind which looks like a town with buildings, Sreets,
townships, ... ; probably we can say that structurd thinking of mathematics can be indicated
by these metaphors.

2. Metaphorical changein curricula

If indeed metgphors in curricula reflect the way educators and teachers have conceived of
the domain, the changes in the kind of metaphor used may provide an unobtrusve measure of
changesin conceptud paradigms.

To test a hypothess of change during a period of 50 years and to get more precise
information | examined 29 meaningful words and metgphors which seems to carry enough
information about curricula

The fdlowing lig gave an overlook of eected words and metaphors occurred in  nine
mathematics curricula for the ‘Gymnasum’ of ‘Nordrhein-Westfden' edited in the last 50
years.

3 Metaphors are underlined
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‘62| ‘63| ‘72| ‘73| ‘75| ‘83| ‘84| ‘93| ‘99
Development 8/ 18| 36| 13| 13| 82| 15/ 79| 97
Unfolding 0 3] 0O O 1 9 1 9 17
Growth 1 1 6 3 o 17 5 11 9
Function of Growth 0 0 o O 0 9 1 8 0
Building up 6| 25| 36| 4| 22| 17| 19| 29| 40
Examination 1 5 15 2 O 23| 28| 28] 23
Labour 9] 89| 72| 39| 33| 238| 45| 144| 306
BASIC 14| 106| 123| 60| 116| 212 81| 125| 141
‘Basic-Course’ 0 1| 61 3 6 88 5 14| 50
Basic- Set 0 5/ 18] 13| 32 0 2 0 1
Constitution 6] 38| 93] 39 42| 109| 47| 59| 70
Education/PICTURING’ 3| 43| 75| 51| 87 92| 26| 70| 98
Diagram /'Depiction’ 3| 78| 136/ 18| 132 38| 22 6| 29
FORMING 0 9 14 1 7 54 4 27| 40
Object 0 51 11 6| 28| 60 32| 18| 34
ORIENTATION 0 9| 14/ 29 8 24| 16| 36| 66
Orient.-Course 0 3 0| 25 1 0 0 0 0
Stage 6| 112| 69| 17| 44| 170 61| 127| 159
Curriculum 0 0 8 6 3] 31 1 2 0
Teacher 0| 41| 28| 20 9] 106| 28| 34| 30
Schoolboy 4 88| 77| 47| 89| 253| 99| 172| 217
Mathematics 26| 93| 156 68| 123| 189| 79| 183| 299
Lesson /'Informing’ 11| 170| 128 33| 108 297| 119| 277| 283
Leading/Transporting 16| 88| 215| 37| 156| 189 75| 68| 104
Application 9| 28| 114| 10| 49| 139 57| 75| 76
Treatment/'Handling’ 12| 47| 118 4| 88| 93| 61| 27| 48
Significance 7| 64| 99| 24| 90[ 154 40| 87| 135
Vision 12| 56| 43 3| 16| 47| 19 29| 31
Insight 0 8 4 3 5/ 19 70 16] 12

This method of counting metaphors is not redly new. It had been successfully used in
psychology by Pallio 1977, by St&hlin 1914, in respect to curricula and education by Cheverst
1972, and Drakenberg 1995.

Looking for correation between curricula to find out which curricula have a smilar
profile, correation coefficients were determined.
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Correlation between Curricula (NRW 1952-1999) (based on 29 terms and metaphors)

Corr.

Coeftl | 52 | 63| 72 73 75| 83 84 | 93 99
1952 [ 1,00 065|079 059 069 | 063 0,69 | 0,62 0,67
1963 [ 0,65 | 1,00 | 0,72 062 0,76 | 0,87 088 | 0,85 0,78
1972 0,79 072|100 |061)})09 | 0,70 0,76 | 0,56 0,57
1973 059 | 062|061 |1,00| 067 | 068 065 | 067 0,72
1975 0,69 (0,76 | 092 | 0,67 | 1,00 | 0,66 0,75 | 0,56 0,56
1983 063087070 068 066 | 1,00 | 091 | 0,91 0,88
1984 | 0,69 0,88 | 0,76 0,65 0,75 | 0,91 | 1,00 | 0,87 0,79
1993 062|085 |05 067 056 | 091 0,87 | 1,00 | 0,94
1999 (067|078 |057 072 056 | 088 0,79 | 0,94 | 1,00

Correlation in respect to Curriculum 1993

1972
1975

1984
1999

Curricula belonging to New Mathematicy(1972-1975) have a specid and different profile
In respect to the other ones. The second observation is that a genera development of curricula
only interrupted by New Mathematicsisvishble.

The counting method seems to be an adequate method to identify this fundamenta change.
This research method gave us an argument in respect to the firsg hypothess of change in
mathematics during the last years. A factor andyss of my data gave another very interesting
informatiot Only one factor can be identified. There may be a great common view of
mathematics and education in our curricula This helps the other thess | mentioned a the

beginning.
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3. Conclusion

Although ‘.. mogt of the important and interesting information is hidden from view
.. [Robitalle 1997, p. 17] metgphor anayss redly offer a behind-the-scene-look giving
information that not aways be directly observable. | wanted to demondrate an unusud
method to andyse mathematics curricula and congtruct consideration, probably you may say
beliefs of mathematics, in anew way.

4. Curricula

1952 ,Richtlinien fir den Untericht in Mathematik und Physk an Gymneden im Lande
Nordrhein-Westfaen®

1963: ,Richtlinien fir den Unterricht in der Hoheren Schule, Mathemetik”

1972: , Curriculum Gymnaside Oberstufe Mathematik” (2.Ausgabe)

1973: ,Richtlinien und Lehrplane fir die Orientierungsstufe Klasse 5 und 6 in Nordrhein-
Westfden®

1975: , Sekundarstufe | - Gymnasum Mathematik Unterrichtsempfehlungen'

1983: ,Richtlinien fir die gymnaside Oberstufe in Nordrhein-Westfaen Mathematik”

1984. ,Voraufige Richtlinien fur das Gymnasum - Sekundarstufe | in Nordrhein-Westfalen

Mathematik"
1993: , Richtlinien und Lehrpléne Mathematik Gymnasum Sekundarstufe |
1999: ,Richtlinien und Lehrpléne fir die  Sekundarstufe 1l - Gymnasumy/

Gesamtschule in Nordrhein-Westfalen Mathematik®
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Abstract

Humans are reasoning beings. We have the capacity to engage in practical reasoning and
to act on these reasons. Practical reasoning — conscious or tacit —underlies most of teachers
decisions in teaching. The ground and framework for this reasoning used here is ‘practical
knowledge or ‘knowledge in use'. The participants in my research project were primary
school teachers who were willing to develop their mathematics teaching and had therefore
participated in 6-8 days long in-service courses in mathematics. The participants —
altogether 37 — filled in a questionnaire which consisted a bdliefsinventory. Using the
gathered data | chose six teachers for closer follow-up. The criteria for the selection of these
teachers was that pairs would be of same sex, would have equally long teaching experience,
would be teaching about the same grade level, and have opposite values in the variable open-
approach. The results of the study seem to indicate that memories from childhood and early
school years have influenced the teachers' beliefs about the nature of mathematics and about
the way it should be taught properly. The in-service mathematics courses gave new insight
and new mor e open methods to the teachers’ practices in the math class.

Background

During the last decades much attention has been directed towards teachers professional
devdopment in the teaching of mathemaics In order to achieve laging improvements
attention has to be drawn not only to the theoretical education of pre-service teachers, but to
the implementation of the knowledge gained in teacherS everyday teaching practice. Good
teechers usudly reflect on wha they do, but it is difficult for them to examine the
assumptions and bediefs underlying their actions. In this sudy | want to explore these
assumptions and the reasoning that rise from in-service teacherS own experiences both in
school and in the teaching profession.

In the Handbook of Research on Teaching FEIMAN-NEWSEN AND FLODEN chdlenge the
“dim view of teachers knowledge® and point out that: “Instead for searching for professond
knowledge or technica knowledge, they (researchers) have looked more broadly at teachers
practical knowledge - that is, those beliefs, indghts, and habits that enable teachers to do ther
work in schools” Thus practical knowledge is time-bound, and dStuationspecific, persondly
compelling and oriented toward action. (Feiman-Newsen and Floden 1986, 512).

In the eighties research made a didtinction between theoreticd knowledge and practica
knowledge. Thus FENSTERMACHER uses terms knowledge production and knowledge in use.
Knowledge production arguments consst wholly of assertions, and end in a statement that is
tightly connected to the preceding premises. The arguments of knowledge in use leed dways
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to action, to do something that is condstent with the preceding premises. (Fenstermacher
1986, 41-43.)

This digtinction between theoreticd and practicd knowledge had its origin dready in the
writings of ARISTOTLE. In his sixth and the seventh books of the Nicomachean Ethics (Ethica
Nicomachea) he spesks of theoreticd wisdom and practicd wisdom. | undersand that a
man's knowledge, or in Aridotdian terms, wisdom, conditutes the pool from which his
ressoning arises. In the Nicomachean Ethics Aridotle gives formulations and examples of
two types of logicd arguments or reasoning. Aridotle distinguished theoretica reasoning
from practica ressoning. He expressed the latter in the form of a syllogism which is often
cdled practicd syllogian. His syllogism is a series of premises which lead to a concluson.
He underlines that practical syllogism leads to concrete action and writes “When  two
premises are combined, just as in theoretical reasoning the mind is compelled to affirm the
resulting conclusion, so in the case of practical premises you are forced a once to do it.”(von
Wright 1963, 159).

ARISTOTLE gives a good example of practical syllogism in chepter vii in Book VI of the
Nicomachean Ethics:

Hedthisaworthy am
Circulating blood promotes hedlth
Morning runs circulates the blood
Thisisthe morming

[ACTION: Running]
These premises express

adesred date of affairs, avaue premise (V),

an empirica character that can be evauated to be either true or fase through careful
observation and sudy (E),

adescription of the context or Stuation in which the agent finds himsdf (S).

(Fengtermacher and Richardson 1993, 102; in addition to these three premises they include
aforth type of premise, the ipulate premise)).

FENSTERMACHER AND RICHARDSON build on Arigotle€'s practical syllogism in ther sudy.
They use the above mentioned formdisation of premises when they andyse teachers
practical reasoning in a classoom setting. They found that this formdisation helped teachers
to examine the premises that generate their practicess They conclude that this process may
encourage teachers to conduct their own inquiry about their actions. It helps them to change
the truth vaue of the premises of ther practicd arguments. Thus “the process alows teachers
to take control of ther judtifications, and therefore to take responshbility for their actions”
(Fenstermacher and Richardson 1993, 112)

Resear ch questions

| found the Aridotdian formdisation of practicd reasoning very hdpful in my atempt to
andyse the epigemology of in-sarvice teachers bdiefs aout teaching mathematics and to
help them to reflect on their actions in the mathematics class Stuation. In her sudy VASQUEZ-
Lyvy refers to the definition written by Audi and gives a comprehensve decription of the
role of practica reasoning. (Vasquez-Levy 1993, 125.) In the following summary | condense
and adjust these idess as a list of theses. These propositions include my assumptions about the
role of teachers practica reasoning and form the ground for this study.
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Theses

Humans are essentialy coning beings.

We act on the arguments provided by our reasoning.

Practical reasoning combines reason, beliefs, godss, and action.
Teacher’ s capacity to reason is used and can be observed when:
- they choose what to teach,

- they choose how to present the content,

- they choose tasks for learners,

- they maintain organisation and control,

- they assess student learning.

| darted the process of my pragmatic inquiry with these theses in mind and set the
following questions
1. What is the content of the practicad knowledge of primary school teachers who attend
in-service mathemdics traning?
2. What kind of practicd reasoning can be found in their teeching professon?
3. What factors have influenced the content of the teachers' practica knowledge?

Method

The participants in my research project are primary school teachers who are willing to
develop ther mathematics teaching and have therefore participated in a least one in-service
course in mathemdtics. In the beginning of this year | atended two of these courses. These 6
8 days long courses had been going on snce the fal 1999, and were given by two different
teachers. Both teachers were men and can be assessed as very congdructivistic and inspiring.
The paticipants — dtogether 37 - filled in questionnaires which contained the same bdiefs-
inventory | used in my earlier studies. It dso included open questions about the background of
teachers beliefs and practical reasoning, and an assessment of the course.

Using the gathered data | chose six teachers for closer follow-up: two femde teachers with
long teaching experience, two mae teachers with long teaching experience and two femae
teachers with short teaching experience. The criteria for the sdection of the teachers was that
pairs would be teaching the same grade levd and have opposite vaues in the variable open
approach (see Lindgren 1996). The first interviews were done by phone and lasted for 35-50
minutes each and included a profound and itemised indght of themes in the quedtionnaire.
Next, observation was conducted in each teacher’'s classroom followed by an interview. This
included a discusson of the decisons and reasoning which manifested itsdf during the math
lesson and a quick ora solving of four beforehand written educationd problems. The math
lessons and both of the two interviews were audio-taped.

Results

As a dating point when coding the data of the groups ataining the in-service courses in
mathematics (n=37), the vaues for the variables openapproach (OA) and rules and
routines (RR) were caculated. These were means from 8 and 6 items respectivey in the
questionnaires. Thee variables are very smilar to Alba Thompson's variables Level 2 and
Levd 0. (For of a lig of items see Lindgren 1995 or 1996). For the whole target group the
maintained values
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were. OA: x=4.28, s =0.40; RR: x=2.58, s=0.58, where the value 5 refers to full agreement
with the statement.

In the questionnaire there was an operrended question: What do you think ‘teaching
math’ really means? The answers of interviewed teachers were:

Ann (OA=4.88 , RR=2.00): To simulate and to give opportunities to children to discuss
different thinking Strategies.

Brita ( 3.25,, RR=2.00): The teacher gives students tools to handle problems.

Carl (OA=4.63, RR=2.17): To make the students to think and ponder, and to feed good
with math problems.

Dale (OA=3.00, RR=2.33): To teach thinking.

Emily (OA=4.25, RR=1.84): Doing, reasoning and collaborate successful discussions.

Flora ( OA=4.25, RR= 3.17): Pondering and mastering abstract concepts.

To illudrate the answer to the second research question, | gave the following syllogisms.
Ann’s practical reasoning

My hope is that my students would think that math is for the whole life, and not just for
the math lesson (V)
| have learned math in solving practica problems (E)
| have found out that discussons with colleagues have heped me to solve problems
(B)
- My students often have unpracticad and unprofitable solutions (S).
ACTION: | discuss practica problems with my students.
Carl’ s practical reasoning

My hope is that my sudents would get more sdf-confidence and courage to take up
problems (V)
- When dudying a the Universty | found that math can be very difficult, and my
eyes were opened up to understand students who have difficultiesin math (E)
| have found that a child's world of concepts differs from that of a mathematician,
and therefore | should not ways use exact terms (E).
Some boys find math very difficult (S).

ACTION: | give interesting and visualy concrete problems and try to ‘hold on’
everybody.

Dale' s practical reasoning

My god isthat my students would like math (V)
| was never encouraged in school and | was not interested in math (E)
If | dbuse the students as being dull, | will depress them (E)
Earlier (before the course) | had a harsh attitude towards my students, and | was
irritated when they did not understand (S).

ACTION: | encourage my students.
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While | was following these teachers reasoning and their mathematics lessons, | found out
that these datements are not just fine-sounding speech but a redlity and reflect firm and settled
principles for teaching mathematics The above formulated syllogisms were very planly
deducted from the answers to the open-ended quedtions in the questionnaire and from the
datements in the interviews done. The syllogisms above show sgnificant development in the
teachers teaching practices and lead into a postive action. But we al know that there exists
practical reasoning that could lead to unacceptable actions. | think that in order to correct
defective actionsin the classiit is useful to study the ways the teachers use reasoning.

Next | shdl record some phrases from the interviews tha illustrate the answers to the
question about factors that had influenced the content of the teachers practicad knowledge.
The teachers who had quite high vaues in the varidble OA (Ann and Carl) expressed the
following memories of early childhood experiences and ther mah teachers in comprehensve
schoal:

Studying with mother the tgpe measure, and assessng measures and volumes while
baking in the kitchen.

Discussing with father numbers, prizes, and messures.

Teachers were gentle, logicd, and firm, and gave clear indructions. A good feding.

The teachers were very enthusiastic. Math was easy and appeding.

The teacher had ‘inner authority’. Had very good lessons and everybody was quiet and
studied.

The other teachers had some memories that seemed to have caused them some fudration
or unpleasant fedings. Dale said that he was never encouraged in school and that he had poor
or indgnificant teachers. Brita liked mathematics, but she was often discouraged in
compstition gtuations. In the interviews it became gpparent that in shaping the teachers view
of mathematics and teaching mathematics some separate happenings and memories were not
0 dgnificat as an overdl feding of confidence and pleasure in learning mathemdtics.
Fedings of frudraion or of beng unskilled ad incompetent in early years a school would
show as lack of confidence in one€' s own teaching of mathemeatics.

The feding of incompetence and inadequacy was one of the reasons why teachers attended
inservice training courses. They dso wanted to find new methods and receive inspiraion for
teaching mathematics. The interviews show that the teachers have redly ganed help and
darity for ther teaching professon. In Dale’s words “A revolutionary course. It redly
opened up my eyes.”

Carl had studied philosophy and he said it had given him a good gpproach to mathematical
thinking. Philosophy dso gave him an underganding of the nature of a child and of a human
beng in gened. He had dso experienced tha discussons with felow dudents while
Sudying mathemetics were extremdy important in overcoming the difficulties confronted in
learning mathematics. Now he wants to give his pupils the same possibility.

Conclusion

As a summary of the factors which have influenced the content of the teachers practicd
knowledge the following things can be listed:

Memories from childhood and of the overal fedings during math lessons a school.
| n-service mathematics courses
Discussions with colleagues
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Math educetion at the University (Carl).
Experience in teaching profession

There were no mde teachers with a short teaching experiment. When mae and femae
teachers with long teaching experiments were compared some differences were found. Both
of those teachers who fdt confident with mathematics (Ann and Cal) used a vaiety of
teeching methods and could eesily react to pupils questions and needs in learning
mathematics. Those who were not so confident and whose vaues in the variable open
goproach were low, used rather traditiond methods in ther math teaching. The difference
between Brita and Dde was that Brita seemed to be more forma, and uncertain in her
teeching behaviour in the cass while Dade was quite rdaxed and had a firm bdief in his
methods for teaching. The epigemology of the teachers practical knowledge lies in thar
ealy childhood years and it grows through educationa experiences. This practicd
knowledge can be revealed — and improved - in the teachers practica reasoning.
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Abstract

Empirical research by Grigutsch/Torner has shown a negative belief structure with regard
to 'Formalism/Process/Application/Schema’ and 'riged Schema' aspects of mathematicsin 17-
year-old students in base mathematics (hereafter called GK-12). After discussing some
possible reasons for that structure in traditional instruction format | propose to design ample
CAS-supported learning environments in Elementary Linear Algebra (eLA) to try to change
that belief structure. | propose to focus on three fundamental ideas and mathematising
patterns to emphasize informal visual presentation/ argumentation of concepts and semi-
automated algorithms using Computer Algebra Systems (CAS) as a tool. Three examples are
presented here: directed graphs (digraphs), regular Linear Systems and GAuss-algorithm,
whereby an alternative visual representation of a matrix is demonstrated.
Keywords: belief structure, Linear Algebra, fundamental ideas, visualisation, semiautomating.

1. Results of Grigutsch/T6r ner

In empirica research GRIGUTSCH [4] dudied the bdief dructure of gudents in GK-12
courses in German secondary schools, the students were given 3 lessons of math a week, i.e.
goproximately 100 lessons a year. He found five main aspects in ther bdief dructure: for
those GK-12 mathematics is seen as highly formal (+F), manly schematic (+S), less
processual (-P) and without significant application (-A); they showed, in paticular, a rigid
schematism orientation (+rS), i.e. they only learned for their next assessment:
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Figure 1: Belief structure of students (N=338) in GK-12 at May/June 1994. Formal means strictness,
exactness, preciseness. Processual describes problem-orientation, reinventing, searching. Application
aims at practical use, direct applications or maths used in everyday life. Schematic is associated with use
of rules, toolboxes, formulae and the rigid schema orientation is mechanical or manipulative use of
concepts which are often misunder stood or not understood at all; see also[ 6, p.10]
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Grigutsch stated that this should be evaluated as negetive:

[...] for pupils in base course mathematics is formal exact learning and making use of schemata and
algorithms, often without essential progress of understanding and finding and which can seldom by applied
or useed. [..] This isreflected in a self-concept of little pleasure, poor math achievements and low personal
estimation. [...] A view of mathematics, which does not emphasise the algorithmic [better: rule oriented -wL.]
aspect too strongly, but which emphasises the character of mathematics as an application-oriented process of
understanding and finding, should be evaluated as positive. This view of mathematics should be mediated in
math education.

In this preliminary report of an actud research project & the University of Duisburg |
intend making some research hypotheses on reasons for that belief structure and proposing an
dternative curricullum eLA-desgn to influence this +FHS-P-A+rS belief pattern. Firs steps
towards an condructive implementation follow.

2. Traditional Textbook-Instruction and Classroom For mats

In the educationa phase, observed by GRIGUTSCH German students study Caculus 11 and
Linear Algebra/Andyticd Geometry | (eLA). Two man influence factors of math-belief
dructure are the traditiona textbook format (cf. TIMSS) combined with the traditiond
ingruction format (including the teechersrole) in the classroom.

The traditional textbook-ingruction format is typicdly characterised through examples
of newly published M-books for GK-12 in Germany: for a period of three years there have
been two or three books of approx. 800 pages with 2000 problems; on a base of 100 lessons a
year this results in a sdection from 2-3 pages with 6 problems for a 45 minutes ingruction
period (plus homework). From pupils point of view this would seem too long (frightning and
offputting), too many problems (plantation of rule based routine exercises forcing technica
skills) and too fast (no time to think in class).

A typicd German eLA-book content [8, p.9-10] concentrates on traditiona themes like
Catesan coordinate system in 3D, vectors, parameter/coordinate equation of lines and
planes, relations of lines/planes, orthogondity and distance problems.

Therefore it must be argued that these new books will consarve the bdief pattern
+F+S+rS-A-P. The danger lies in the thematic rigidity, usudly leading to bundles of smilar
solvable routing/standard problems (problem "idands', exercise didactic), while  important
agpects of mathematics are missng or ae not fully implemented throughout, eg. an
implementation of agorithms by means of CAS or application orientation.

The traditional classroom ingtruction format and the role of the teacher often reflect the
above dtudation, see eg. STIGLER [14] e d. for contrasting traditions of classsoom maths
ingtruction (5™ graders):

Although constructivist approaches to teaching in the US often emphasise small group and individualised

instruction, Japanese teachers, surprisingly, combine the almost total use of whole-classinstruction with their

strong emphasis on students' thinking. [14, p.150] [...] Finaly, what we see when we observe in Japanese

elementary classrooms looks quite different from what apparently goes on in Japanese secondary schools,
where students talk little and where the focusis on rote memorisation. [14, p.152]

3. How to change Belief system? Alternative I nstruction and Cour se design

One possible drategy to change belief system is to use CAS as a condructive problem:
solving tool. This project is based on a CAS supported problem-oriented approach, therefore
leading dso to curriculum design questions. Following the advice of WEINERT [15] in Claims
on Learning in this time the didactic principles of FREUDENTHAL [3] in Revisiting
Mathematics Education some design decisions are [8, p.12]:
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« central concepts and techniques of eementary Linear Algebra should be developed
successively from interesting simulating ample problem contexts

o The individual concept net (‘mindmap) of the learner should be constructed usng
fundamentd idess, centrd mathematising patterns and locd solving strategies

e ingght should be ganed via informa, visud agumentation and presentations usng
CAS supported investigations and explorations of every-day life problems

» metacognitive reflection on learning process and problemsolving methods should be
stressed (see BUCHBERGER'S credtivity spird in[5, p.82]).

The course content is manly based on the following four dternative course concepts.
ARTMANN/TORNER [1] focuses on gpplication oriented view of eLA and use matrices as a
univeesd and unifying tool. STRANG [12] emphesses the visud aspect of learning
mathematics  MOLLER [9] tries to diminate pure exigence proofs by usng dgorithmic
condructions ingead and dressng dgorithmic thinking (eg. processud  thinking). Using
recommendations of the US Linear Algebra Curriculum Study Group, LAY [7] recommends
ealy introduction of key concepts visudisng fundamentad idess through geometric
intuition/interpretation and dresses the impact of the computer on both the development and
practice of LA in science and engineering. But due to different reasons none of these concepts
makes use of a CAS asfully integrated didactica tool.

This dternative CAS oriented Elementary Linear Algebra Course design aso takes into
congderation the recommendations of US Math educetion reform, as fixed in two didacticd
axiomsby PLETSCH [11]:

- Rule of Four [better: Five, wL]: (re)present every topic numericdly, graphicdly,
analyticdly (dgebrac), descriptivey [and CAS(udly), wL]

- Way of Archimedes: formd definitions and procedures evolve from the investigation
of practica problems and experiments.

Besdes promoting the use of CAS, he[11, p.292-293] warns.

Fundamental to successful computer classroom lecturing is that material must be covered thoroughly enough
that it need not be retaught in a conventional classroom later. [...] Computer classroom lecturing is a difficult
conversion from traditional blackboard lecturing because the medium has changed and hence so must the

message.
DUBINSKY [2] proposed in his C*C (=Cadculus, Concepts, Computers & Cooperative
Learning) project an A.C.E. cycle: Activities in lab computer environment, followed by Class
discusson with modified Socratic gpproach in smdl groups and traditiond Exercises to
reinforce materid. But we adso often use a modified CA.(EIC). cycle or BUCHBERGER'S
epistemologica orientated creativity spiral:

/ Problem
Solution Observations

applying xperimenting

Algorithm Hypothesis

programmi;g\ Atifying

Theory

The drategic god oriented professond software condruction on a large scde usng
software construction spiral [10, p.290ff] as new paradigm (instead of the s0 caled waterfall
model) aso shows profond Smilarities to the problem solving process in mathemetics.

For details concerning design decisons for fundamenta ideas in eLA in this sudy and
their drategic use as centrd mathematisng patterns (eg. concepts, suited as modd for
predicting or
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explaining) or locad context specific problem solving drategies (besdes generd heuridtic
drategies) or in reducing complexity see [8, p.22-28].

4. Resear ch Questions

In the above-mentioned circumstances | pose the following research questions.

- How are central basic conceptg/intuitions (e.g. concept of inverse matrix) and methods
(e.g. Gauss-dgorithm) of dementary Linear Algebra developed by students using fully
integrated CAS with informa visud representation/argumentation and  Stressing
agorithmic/ condructive geness of concepts? (cognitive system aspect)

- How do the mathematical belief system and the self concepts of students change in such
CAS supported ample learning environments? (belief aspect)

- Wha impact does a CAS as learning environment and didacticd tool have on the
logicd/argumentetive reasoning (eg. exisgence/unique quedtions of inverse matrix), the
explorative learning or problem solving behaviour and the atained skills? (processual
aspect)

This research plan will be redised through congtructing CAS-redesigned and resequenced
indruction materid (to enable reproduction), udng it in a pilot sudy in a long-time learning
process of gpprox. one year until 2000/01 fully audio monitored. A test phase with other
teechers will follow in 2001. GRIGUTSCH'S questionnaire will be given to dl groups a the
beginning and the end of this course; firg results are expected in the summer of 2001.

5. First Stepsin Implementation

The indruction materid will be presented to the students as prestructured problem sheets
to enable individua enlargement by students or teechers eg. CAS-notebooks with solutions.
The whole materia will be published together with the results of this research. | will sketch
three examples of CAS-integrated learning environments to illustrate some of the above idess.

Ample Learning Environment |: Digraphs [8, p.31-49]

A modd dgtuation of dreet maths (distance table of Sicily/ltdy) is used to introduce the
concept of matrix and the corresponding set of dementary matrix operations. Digraphs (i.e.
directed graphs), adjacency matrices and digraph-operations abstract the modd Stuation of a
symbalic ‘town plan’ with 4 linked postions A, B, C, D dlowing different interpretations
(bus-, train-net, preference-relation,..) for the students:
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Figure 2: Digraph and associated adjacency matrix M with 0/1 entriesto represent "..linked/not linked..".
Theentry Mj,=1isinterpreted 'Aislinked to B' and entry M34=0isinterpreted 'Cisnot linked to D'.

In contragt to the standard introduction of matrices the necessity to reduce the result of a
matrix operation to O or 1 in order to ensure that the result is again an adjacency matrix
requires the implementation of the operaions in CAS, because only the standard matrix
operations of addition, multiplication etc. are predefined.

If two adjacency matrices X and Y are added, every resulting non-zero dement of X+Y is
Set equd to 1 giving in effect the increase of linksin combining both digraphs. Subtraction X-
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Y generaes a digrgph in which dl links common to X and Y ae diminated. The dementwise
matrix multiplication X 'Y sdects links only common to both X an Y. Especidly interesting
is the interpretation of usua matrix multiplication X*Y (folding). In the specid case of
repested multiplication M" := M*..*M (n times) of the adjacency matrix M of a digraph by
itself the exponent n measures the length (number of edges) of a path and the (nonreduced
‘weighted) matrix entries itsdf gives the number of the paths joining two postions in the
digraph. This leads to the concept of 'Pathmeatrix':
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Figure 3: How many ways of arbitrary length lead fromB to A in the above adjacency matrix M in Fig.
2? The path-matrix entry PATH(M) ;=2 gives the answer. These two prognosed paths are to be seenin
the digraph of Fig 2: B>D>C>A and B>D>C>A>A (watchthesling aslink!).

Thus the pathmatrix is a useful operation, but hard to cadculate per hand (many iterated
multiplication's and additions); the students srongly fed how useful CAS is in this Studion
to deegae work. I mention that the CAS-implementation process of the digraph(matrix)-
operations is comparable with POLYA'S 4 phase problem solving cycle and leads to a semi (or
fully) automated caculation [8, p. 41-45]. | often use smplified semiautomatic CAS-
functions to focus on the crucid step in programming (=congtruction) process, to avoid
involvement  in  adminidrative programming pecific  technicd  condderations  (F-bdief
aspect!) and to save smplicity and clarity of the approach. So in contrast to a traditional
CASHree consideration we gain a constructive runable concept of a pathmatrix.

L earning Environment I1: concept image of theinver se matrix [8, p.50-63]

A given lineer sysem A.X=B can be written and visudised in 3 different ways: by rows,
by columns and by matrices (in two forms). Each representation has its merits and the ability
to switch between different representations is central mathematical competency, because it
rasesingght and links different concepts - and often leads to new concepts:

Le4+dy = 3 T
liz+5y =) Row image
il 1. compression via concept of vector (addition)
1o o (21 — [31 ol L
Lz + [Elv = [§] Vector image
l 2. eompression via concepl of matrix (muoltiplication)
i 2@y rd o MR
L4 1= L; Matrix image
i 3. compression via svmbolisation
AX=B
i ... problemsolving via concept of analogy [1, p. )] wsing CA S
i =1
A=A i
; ccoand abstraction gives
. Concept image
=t —h 2 s =
Arb=20 of inverse A~'

} —1!

Figure 4: Stages in forming the concept of inverse matrix: at the critical point « the 'grundvorstellung'
[6] or the concept image of the 'inverse' in the sense of TALL/VINNER s constructed and the inverse
matrix is encapsulated from the dynamic processinto a static mental object [2, p. 101].
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What is new in contrast to a traditional consderation without CAS [1, p.42-43]? Firstly
ater tranforming the given linear sysem into condensed symbolic form A.X=B the sudents
can experiment in order to solve this matrix equation with CAS eg. trying X=B/A (which is
correct in MaLAB in the form A\B) or X=B.A™* etc. leading to fruitful discussons. Secondly
the students redlise that the concept A is existent as mathematical object in the memory of
the CAS, s0 it can be used to explore properties of the inverse or to gpply the new concept in
diverse problem solving dStuations eg. LEONTIEF-Input-Output moddling [7, p. 148ff].
Thirdly being convinced of the utility of the concept of inverse, sudents can reconstruct it to
make the CAS-black box A white via the fallowing;

Learning Environment I11: animated visualised GAuss-algorithm [8, p.72-75]

In contragt to the traditional forma equation view of the famous Gauss-dgorithm to solve
sysems of linear equations we propose a CAS-animaed visudisaion. This visud gragphica
representation of GAUSs-Algorithm is being explored and investigated by the dtudents in an
open dStuation in 2D and 3D, leading to a runable construction of the inverse matrix and
giving a darting point to deegper andyss of liner sysems, eg. the L.U-decompostion of a
meatrix.

To sum up: CAS is not only a mathpad, but a mathematical problem solving tool. Using
CAS fully integrated (and not only for demondration purposes) in the right way should
therefore transform traditional instruction and classroom formats to more experimental
problem-solving habits and should enable constructive concept images leading to a more
positive math belief structure.
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Abstract

The purpose of this study was to study the changes in pre-service primary teachers beliefs
during a mathematics methods course. The different class activities undertook by the student
teachers were developed to influence the pre-service primary teachers overarching
conceptions about nature of mathematics, and about teaching and learning process. We
studied the complexity of changes in pre-service primary teachers beliefs across different
domains The pre-service elementary teachers responded a Belief Scale two times, beginning
and end of the mathematics methods course. The Belief Scale consisted of 28 items designed
to assess beliefs in four domains: mathematics as a school subject, mathematics teaching,
how mathematics is learned; and the role of mathematics teacher. Respondents rated each
item using a 7-point Likert scale. We used several multivariate analysis to examine changesin
the pre-service primary teachers beliefs. We analysed the changes in the beliefs from the
per spective of Green’s theory (1971) and we think that the results obtained provide us with a
new understanding of the learning and the development of pre-service primary school
teacher.

1. Introduction

In the literature on learning to teach, pre-sarvice teachers beliefs are consdered as
important factors in their professonal growth (Pgares, 1992). Although there are a lot of
meanings of beliefs (Furinghetti & Pehkonen, 1999), it is badcaly assumed that beiefs ae
congructs that describe the structure and content of mental states that are thought to drive a
person’'s action. In the learning to teach it adso is important both what student teacher believes
and how he/she believes it (Green, 1971). Beliefs that sudent teachers bring to a teacher
education program grongly influence what and how they learn ad are dso targets of the
change within the process of learning to teach (Borko & Putman, 1996). On the other hand,
the sudent teechers evauate ther beiefs in the new Stuaions in which they are (compare
their beiefs with new experiences and with beliefs held by others) and therefore the beiefs
can change, develop or strengthen. Some research questions are focused specificaly on the
issue of changes in student teachers content and Structure of beliefs during teacher education
programs (Philippou & Christou, 1998).

This paper focuses on one study that examine changes in student teachers bdiefs during a
mathematics methods course in the third year of their primary tescher educetion program.
This mathematics methods course belongs to the primary teachers education program at the
University of Seville. The cohort of student teachers had had a 50 hours mathematics course
in ther firg year in the program. This mathematics course is focused on generd mathematics
The content of the mathematics methods course was designed to focus on four topics
problem
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solving, notion of school problem, problem posng and problem solving teaching. Different
class activities were developed in a 10-week mathematics education course (30 sessons with
alast of one hour and half.

2. Method

Questionnaire

In this sudy a questionnaire (belief scae) was developed to measure the student teachers
beliefs about four domains. A. Nature of school mathematics; B. Mathematics teaching, C.
Mathematics learning; and D. The role of the mathematics teacher.

Each of the domains was described from two perspectives, the traditiona and the
condructivis. We adapted some items from different tudies focused on the measuring of
beliefs about teaching-learning of mathematics (Klossterman & Stage, 1992; Peterson eta d.,
1989; Schoenfeld, 1989). Others items were newly formulated (see in Llinares et d (1995) the
vdidation and the test of the set of belief scades obtained). The find questionnaire consisted of
28 items tha were randomly arranged to avoid recognition of the perspectives and the
domains. Respondents rated each item usng a 7-point Likert scde ranging from “srongly
disagree’ (1) to “srongly agreg’ (7). The 28 items described the characteristics of a
traditiond view and a condructivis view in each of the four domains. The pre-sarvice
primary teachers responded to the Bdief Scale two times, before and after of the mathematics
methods course. Then, student teachers' responses were compared.

Subjects

Sixteen student teachers (7 female and 9 mae) had entered in the experimental course. The
sudent teachers had undergone a five week period of generd practice teaching during their
second year in the program, but they had not been yet in their period of mathematics
education practice teaching.

Data Analysis

We used two multivariate andyss to examine changes in the pre-sarvice dementary
teechers bdiefs. A hierarcchica clugter andysis and a factor andyss with varimax rotation
were executed to look empiricdly for the different cluser and factors that underlie the
answers to the questionnaire. On the basis of six factors yieded by the factor andyss (with an
explained cumulative variance over 60 %), the items with factor loadings below .50 were
removed.

3. Resaults

Hierarchical cluster analysis

The clusters that included dl the items were more rapidly formed (at a shorter distance)
after than before of the course. Either before and after the course, the clusters that are formed
in the firg place reflect a traditiond beliefs system. Data show that the pre-service primary
teachers have defined their postion more clearly after the course as regards the nature of
mathematics, the learning-teaching process, and the role of the teacher as identifying the two
perspectives contemplated: the traditional and the congtructivigt.

* how are these items grouped in the formed clusters?
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Before the course- The cluder that groups condructivig items with some more traditiona
beliefs on the nature of mathematics is formed by joining together two bdiefs sysems. The
firgt of them is formed by 12 items and describes the teacher's goals (the role of the teacher is
not to repeast exercises of the same type) as a dichotomy relation acceptance-rgection as
regards classroom management (organising discusson without bothering about class order)
and the learning-teaching process (focusng on comprenenson and on the exchange of the
ideas, and not so much on the number of right answers). This beliefs sysem incorporates
some features of school mathematics (school mathematics do not consist of rules and
procedures to memorise, and formal proof are not such a basic element).

The second beliefs system, that gathers condructivist perspective items, is made out of 4
beliefs, three of which ded with the nature of mathematics and another one with learning.
This beliefs sysem characterises what mathematics are (a set of rules and procedures useful
to solve everyday life problems and that dways have a rule tha can solve them). It dso
characterises how mathematics should appear in the cdassroom (solving problems for which
no procedure is previoudy known). This beliefs system is supported by the belief that one can
have good marks in mathematics without memorising rules and formulas.

After the course- The dudger that groups condructivis bdiefs is formed later than the
traditional cluster. This congdructivist cluster  gppears when a bdief-item related to the role of
the teacher (9;D42, keeping order and firmness in the classroom should not be the teacher's
main concern) is added to a previous cluster that had dready grouped dl the rest of the
congructivigt belief-items

This fact is worth noting. The belief that relates the role of the teacher to keeping order in
the classoom is the last one to be incorporated to a cluster that groups dl the beliefs that
characterise a more innovative agpproach to the teaching of mathematics. It is dso worth
noting that its dud beief (16;D41, mathematics teacher must lead the class with steadiness,
keeping order to give the lesson  fluently) is the last one to incorporate to the treditiond
cluser as well. This probably suggests that any question related to control of discipline and
cdasssoom management are beiefs in which pre-service primary teachers do not hold a very
clear postion. That is to say, after the course they do not have a clearly postionation about
what the role of the teacher should be as regards classsoom management and discipline from a
congructivig or traditiond point of view.

Factor analysis

The factor andyss dlows us to identify the references that the group of pre-service
primary teachers uses to interpret (give a meaning) to different beliefs. The changes in the
number, explained variance and content of factors will indicate the nature of the changes in
the pre-sarvice primary teachers bdiefs sysems. The content of the factors will show us
through which domains the preservice d ementary teachers interpret a given situation.

Data show that the same amount of variance is explaned by a smdler number of factors
after the course. Wheress the initid questionnaire shows that the 6 first factors (defined
according to 20 bdiefs) explan 63.111% of the variance, in the find quedtionnaire a smilar
amount of variance (61.114) is explaned with 4 factors, the content of which is defined only
by 15 beliefs. Furthermore, in the find questionnaire, the first factor explains a forth of the
totd variance. This may indicate tha, after taking the course, the preservice dementary
teachers had built a better defined reference sysem, in the sense that they were able to
interpret Situations with a more reduced number of beliefs.
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In relation to the content of factors, a firgt reading of this data may show that, after taking
the course, an important reference for the pre-service dementary teschers (1% factor to explain
more that a forth of the variance) through which they interpret other beliefs, came from the
way they should dedl with classroom procedures, from the point of view of te teacher and the
teaching process. Nevertheless, before the course, the most important reference (1% factor to
explain a fifth of the totd variance) was the connection between the role of the teacher and
learning features.

Another important change as legards this firgt factor is that the bdiefs about the role of the
teacher that provid meanings before the course (D31, D41, D42, the tescher must firmly
conduct the lesson and st out many repetitive exercises so that students can memorise the
steps), are no longer dgnificant after the course (in fact, they only hold a sgnificant role when
defining factor 6 after the course, which explains only 6.595% of the totd variance, when the
rex of the factors dready explained 67.992% of the tota variance). Futhermore, after the
course, the beliefs about learning are less likely to give a meaning to the pre-sarvice primary
teachers beliefs system, since only 2 bdliefs about learning are kept in the definition of the 2
factor.

4. Discussion and implications

Our findings indicated different types of changes in sudent teachers beliefs. The evidence
of the change in dudent teachers bdiefs came from the two multivariae andysis whose
results we presented in the above section. The changes in student teachers beliefs conagted in
a better identification of condructivig view of school mathemaics, and a different definition
of the reference system of beliefs. These two types of changes are rdated to the two of the
characteristics of the beliefs syslem: what and how they believe,

The detected changes in the speed of clugtering show a more integrated and better
differentiated bdiefs system. This dlows for a better characterisstion by pre-service primary
teachers of the traditional and the condructivis views. Another aspect that is worth noting is
that the last beliefs to be incorporated to each of these large clugters (traditiond,
congructivist) correspond to the domain of the role of the teacher and, more specificdly, to
keeping order in the classsoom. After the course, their beliefs about the way the class should
be controlled by the teacher, both from the traditiond and from the congructivist
perspectives, are the last ones to be incorporated to their respective clusters. This leads us to
think that the preservice eementary teachers are concerned about classroom management, and
especidly, about discipline. This probably shows the pre-service primary teachers concern in
connecting their beliefs about classsoom control and discipline with other beliefs linked to
teaching, learning and the nature of mathemétics.

Conddering factors as the reference that provides a meaning to most of the bdiefs (the
way in which some beliefs provide meaning to the rest), the fact tha after the course the same
variace is explaned through a smdler number of factors shows a better Sructure of the
beliefs sysem of the student teachers. This is suggested by the fact that a smdler number of
factors gives meaning to a dmilar number of the bdiefs. Addition, it is worth mentioning that
as regards the content of the beliefs system, there was a change from the beliefs about the role
of the teacher and learning into beliefs about teaching and role of teacher.

Usng Green's theory (1971) as a framework, in relaion with the dimensions tha feature
beliefs systems (from the point of view of the way in which beliefs are hdd), in this research
we assume the idea of the exisence of a beliefs sysem held by the group of pre-service
primary teachers, moving from the bdiefs sysem of an individud into the bdiefs sysem of a
group that
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is culturdly identified. In order to ded with the features of beliefs systems Green introduces
three dimengon that refer to the way we bdief: quas-logicd reations (where he diginguishes
between primary and derivative bdiefs), psychologicaly centred beliefs (that leed to the
concept of more or less strong psychologicad beliefs, from the point of view of how they are
supported), and the idea of the cluster.

Granted these three characteristics, our data alow us to think about one aspect of the quas-
logicd dimenson and about clustering dimendon. As regards the former, a beliefs Sructure
with a samdler number of factors and the change of its content, dlow us to think the course
has affected ther primary beiefs (consdered to be the factors content) from which pre-
savice primary teacher make sense to other beliefs (derived beliefs). This interpretation
questions the widdy assumed bdief that modifying the pre-service primary teachers bdiefs is
very difficult. However, what we cannot measure is the duration of this change. Nevertheless
we can point a the need that these pre-service primary teachers continue to develop activities
that alow them to reinforce their new beliefs system, initiated during the course.

In the second place, the way the course has influenced cluster formation leads us to think
that the traditiond and the condructivist clusters generated dlow to link the beliefs about the
nature of mathematics, the learning-teaching process and the role of the teacher, provided in
some of these perspectives. This can hep pre-service primary teachers to grant a coherent
meaning to the Stuations they come across. Sll unsolved is the question of whether ther
action will derive into one or the other bdiefs cluster and the issue related to keep order in the
classroom.
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Theinterest and difficulty of the mathematical problems
as pupils belief in Hungary

Erzsébet Orosz

EKF, Hungary, Eger

Abstract

This talk deals with pupils' conceptions about interest and difficulty of the mathematical
problems. It consists of the choosing of thistopic, the framework of my talk, research method
and problems, some results, and summary of it.

1. The choosing of thistopic

The devdopment of problem solving plays main roll in mathematics education to introduce
by the new mahematics curriculum in Hungay. Among the deveopment methodologicd
ways is one of the most important rule is to practice the own problem solving and to develop
the ability of the mathematica tasks solving.

The motivation is a fundamentd condition to practice of the thinking. If the pupils known
the rules, definitions, theorems to solve problem then they will not solve it because they are
not interested in at al. So it means that teachers have to use psychologica aspects making the
problems. | think so that two psychological aspects are very important. The fird is the
difficulty of the tasks. That is the best if this is not too easy and not too difficult, the pupil’s
knowledge is enough but they have to think because they are not able to solve it without
thinking.

The second aspect is the interest of the mathematics problems because it helps them to
make a basic motivation system.

The teachers have to create mathematics problems sequences (for competitions, exam tests
for mathematics lessons). They have to sdlect them and create some new ones a dl leves of
the mathematics education. These are the redl reasons of my choosing of thistopic.

2. The framework of my talk

| have read some papers from G. Torner, E. Pehkonnen, B. Zimmermann, A. H.
Schoenfdd, R. Boras, K. Tompa. As far as | known ther research work deds with MAVI
anyway. (I would like to thank you for E. Pehkonnen. He sent me some papers and articles
which were very useful for me)

I’'m nterested in the problem solving and pupil’s view, but my method is not same as they
have used.

| was a member of group which organised a math. competition for 10-15 ages pupils we
have created the problems. Our group planned that let al problems be interesting and firgt will
not be too difficult, the second more difficult and the last the most one.
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3. The participants pupils and schools

There was a mathematics competition in 1998-99 term. It was organised by our group
(which conggts of 5 professond meths. teacher) in Mezocsat and Tiszaujvaros. 784 pupils
took part in this competition. It is cdled "’With more mind...”” Pupil’s were 58 grade, from
10-15 years old, from different e ementary schools such astowns, villages.

Table 1. Thetable of the participants data

Grades Boys Girls Sum total
5th 101 87 188
6 th 106 74 180
7 th 102 84 186
8th 69 50 119
Sum total 376 297 673

4. Method and our purpose

We used a test which conssted of 4 opened mathematics problems and a short
questionnaire on it. The solving time was 60 minutes for dl grade. When the time was up we
asked the children to give scores for the interest and difficulty of dl problems next way:

1. If they think thet is ... .
-not interesting: give 1 score,
-alittle interesting: give 2 scores,
-interesting: give 3 scores,
-more interesting: give 4 scores,
-the most interesting 5 scores.

2. 1f they think that is ... .
-not difficult: give 1 score,
-alittle difficult: give 2 scores,
-difficult: give 3 scores,
-more difficult: give 4 scores,
-the mogt difficult: give 5 scores.

Now | would like to show you some results deals with 5 grade.

5. The problems for 5" Grade

1. The ant is so drong that can cary an object which is 50 times heavier as own mass.
Assume a pupil is 3 times grong as an at. How many horses can he carry. We known that
the mass at pupil is 36 kg, the mass of the horse is 450 kg?

2. Cregterules and fill in the missng numbers. (Seefigure 1.)
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Figure 1

3. A little dephant and the big mouse take part a running competition. The disgtance is 2400
ms long. They live & the same time from the dart line. After 10 minutes the little eephant
will get to 2/5 part of the way and the big mouse by 100 ms fair from the 3/8 part. Which
of them take larger distance? How many distances was of them after 20 minutes?

4. The volume of the rectangled prism is 18 dnt. The length of the edges are dl integers.
Givethe dl rectangled. Determine the length of the edges count the area of dl prisms.

6. Some results and summary of it

Table 2. Data of Interest

Interest Sum M ean Deviation
1 752 4.000 0.953
2 762 4.053 1.122
3. 704 3.744 1.249
4 639 3.398 1.461

We can read out of the 2 table that pupils give high scores for interest of dl problems.
Table 2 shows the problems in order of interest. The most interesting is 2. problem the 1, 3.
And the lagt is the 4. It means that pupils are interestid arithmetic, agebraic and functions.
They are not interested in geometric calculation problem.
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Assume that the background of the reason is new curriculum. This topic is not SO main part
of mathematics education nowadays. The pupils answering shows the hierarchica picture.
We can find the reasons of this fact is in the specid ages, characteristics. The pupils haven't
enough critical sengtivein this ages.

Summary: The pupils conceptions show the professond teacher’s conceptions about
interest.

Table 3. Data of difficult

Difficult Sum Mean Deviation
1 508 2,702 1,299
2 538 2,862 1,388
3. 656 3,489 1,322
4 704 3,744 4,000

Maximum scores; 940 N=188

We read out of 3. tables that the problems in order of difficult as pupils think. The 3. table
shows that 1. and 2. problems are not difficult and the 3. , 4. Problems are more difficult as
on an average. Pupils think that 4. problemsis much more difficult asthe first one.

Summary: Pupils view showsthe red difficult order of the problems.

Table 4. Pupils achievement

Scor es Sum Achievement (%)
1 1504 35.50
2 1880 48.29
3 2256 31.21
4 2632 19.18
N=188

Usng of the scores we can determine the pupils achievement. It can be seen that
percentage is above 50. The best is 2. problem with 48.29%, next is the 1. with 35.5%, the
third with 31.21%, and the last is 4. with 19.18%. These results mean the red difficult levels
of the problems.

Corrdation values between achievement scores and difficult

1S-1D -0,191** P<0.01
2S-2D -0.047 non sign.
3S-3D -0.060 non sign
4S—-4D  -0.192** P<0.01
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The negative corrdation vaues mean that pupils achievement scores are lower in those
problems from which they think that are difficult. It means tha we can give approximatey the

pupils achievement if we now their conception in advance.
Correlation values between achievement scores and interest

1S-1l 0,204** P<0.01
2S-2| 0,234** P<0.01
3S-3l 0.255** P<0.01
4S-4l 0.046 non sign

The postive corrdation vaues mean that pupils achievement scores higher if they think
that the problem isinteresting for them.

Summary: The pupils conceptions help to choose the math problems for the teachers. We
think so that the difficult and the interet are very important psychologica aspects of the
meaking of mathemétics problems.
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What kind of mathematics for
prospective primary school teachers?

Silja Pesonen

University of Joensuu, Finland
Department of Mathematics
Silja.Pesonen@joensuu.fi

Abstract

In this paper | shortly describe those things | have learnt while trying to find out what
mathematics prospective primary school teachers should learn during their teacher
education.

Main result is that more important than pure mathematics seemsto be knowledge of how
to teach mathematics and how children learn mathematics - and then, mathematics (contents)
which is important and meaningful for future teachers arises from problems of teaching and
lear ning mathematics.

Background information

In Finland primary school teachers work at grades 1-6 where pupils are from 7 to 12 years
old. They are "classteachers’ and so they have to be able to teach every subject and, for
example, primary school teschers teach over 70 % of mathematics which is taught to children
during compulsory education.

Future teachers do ther dudies a Universties, a Departments of Education and thelr
dudies include min 160 weeks of Sudies (one week of studies = 40 hours of work).
Mathematics has 3-4 of those weeks of studies, compulsorily. Then students have a possibility
to choose 15 weeks of mathematics, optiondly, and these studies are offered by Department
of Mathematics.

| have been modlly interested in those optiond courses - what should they include? What
mathematics could help a future teacher to be a better teacher of mathematics?

Step 1

In the beginning the question was. ‘What mathematics?. | had an idea that mathematics
exigs in different forms a different levels, there are lower, middle and higher versons of the
same mathematicd thing. For example, children can concretdy play with a modd of Towers
of Hanoi but in the same time those towers include some high levd mathematics. And |
assumed that | can go somehow from top to down - that means to teke things taught in
university level and find out how those things are used in primary school.

Based on that assumption, | interviewed ten students who had done optiondly 15 weeks of
dudies in mathematics and asked them ‘which parts of that mathematics they had learned on
courses, they found to be useful when they taught at school 7.
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When ligening trough interviews, | was firg rather disgppointed because there were
basicaly only two little things which students have found to be useful: knowledge of different
number sysems has helped them when teaching adding, subtraction, multiplication and
divison in tenrbased system and knowledge of polygons and polyhedrons has helped when
teaching those same things to pupils.

Two little things from 15 weeks of dudies - | though that was nearly same as nothing.
BUT, something was different than before These dudents sad they like mahematics, they
are willing to teach it and want to show to their pupils tha mathematics is something dse than
rules, routines and mechanical caculations, and that mathematics can be fun and enjoyable.

So it seemed to be something in the way they thought about mathematics, about ways of
teaching mathematics and something in ther attitudes which had changed - and | begun to cal
that kind of things ‘view of mathematics. After awhile | found out that some others had dso
noticed that not only pure knowledge but aso other things, caled persons mathematica
beliefs, influence strongly when she/he is teaching mathemétics.

Step 2

In Ermest’s modd (Figure 1) a view of nature of mathematics provides a basis for teachers
mental modes of the teaching and learning of mathematics. Ernest is well aware that socid
context can disturb this system, but the main idea is that practices cannot be changed without
achangein theindividud’ s view.

view of nature of

mathematics
espoused modd of espoused modd of
Iwnlng mamnalcs < .............................. } t%hlng maha,nalcs

congtraints and opportunities provided
by the socid context of teaching

enacted modd of enacted modd of use of
learning mathematics teaching mathematics mathemétics texts

Figure 1. Relationship between Beliefs, and their Impact on Practice (Ernest 1989, 252)

Ernest uses a 3-levd modd for teachers views of mathematics,

1. Instrumentalist view: mathematics is an accumulation of facts, rules and skills to be
used in the pursuance of some externa end. Thus mathematics is a st of unrdated but
utilitarian rules and facts.

2. Platonistic view: Mathematics is seen as a dtatic but unified body of certain knowledge.
Mathematics is discovered, not created.

3. Problem-solving view: Mathemétics is seen as a dynamic, continudly expanding fied
of human cregtion and invention, a culturd product. Mathematics is a process of inquiry and
coming to know, not a finished product, for its results reman open to revison.
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The descriptions below give a specification as to how these views are related to practices
through the teacher’ s role and the intended outcome of ingruction:

Teacher’srole Intended outcome

1. Instructor Madgtery of skillswith correct performance

2. Explainer Conceptud understanding with unified knowledge
3. Facilitator Confident problem-posing and problem-solving

The use of curricular materids in mathemdtics is dso of centrd importance in a mode of
teaching. Three patterns of use are:

1. thedrict following of atext or scheme;

2. modification of textbook gpproach, enriched with additiona problems and activities;
3. teacher or school construction of the mathematics curriculum.

(Ernest 1989, 250-251)

These three philosophies of mathematics, as psychologicd sysems of beiefs, can be
conjectured to form a hierarchy. At the lowest levd is ingrumentaism, a the next leve is the
Paonigt view and a the highest leve is the problem-solving view. One can dso say that the
two firs ones represent traditional mathematics teaching and the third one represents modern
mathematics teaching, and naturaly the god is that future teachers have the modern view. But
how can they reach that kind of view and with what mathematics?

Step 3

After ligening interviews couple of times | got some hints what things & mathematics
education could be such that they develop prospective teachers view of mathematics to
"right” direction.

A) The firg concluson was that use of concrete and visud representations was something
which students had found to be very hdpful, useful and worth for usng dso in their own
teaching. Thus knowledge of ways of representing mathematics seemed to be important
mathematicd knowledge for a teacher. This item is included in Shulman's concept
Pedagogical content knowledge:

"It includes the most regularly taught topics in one’s subject area, the most useful forms of representation of
those[ content] ideas, the most powerful analogies, illustrations, examples, explanations, and demonstrations-
in aword, the ways of representing and formulating the subject that make it comprehensible to others.

It aso includes an understanding of what makes the learning of specific topics easy or difficult: the
conceptions and preconceptions that students for different ages and backgrounds bring with them to
learning”.

(Shulman 1986, 9)

B) The second concluson was that concerning to some contents, students were more
conscious of ther own metacognitions and aso of children's cognition; the problems in
ther own learning had taught them wha problems children might have and when they
were teaching they were aso more open to ligen to children’s ways of thinking. This item
IS seen in Petersons (1988) framework, where she argues that in order to be effective,
teachers of mathematics need three kinds of knowledge How sudents think in specific
content areas, how to facilitate growth in students thinking and sdf-awareness of their
own cognitive processes.

C) The third concluson was that students had learnt dso some mathematics - mathematics
which was rather difficult to specify - not particular contents or subjects of mathematics
but
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some knowledge which Shulman (1986) cdls Content knowledge or subject matter
knowledge. Turner-Bissat (1999) has specified Shulman’'s concept and divided it into two
parts:.

1) Substantive subject knowledge conssts of the facts and concepts of a discipline, and
the organiang frameworks used to marshdl what may agppear to be a profusion of
disparate bits of information

2) Syntactical knowledge ways and means by which the propositional knowledge has been
generated and established.

Step 4

Thus there ae three different kind of knowledge which are essentid for a teacher:
knowledge of mathematica thinking and learning (teecher sdf and pupil), knowledge about
teaching mathematics and knowledge about mathematics These three pats can be
represented Smply with the following triangle

"teaching”

" mathematiMning”

Or, with the terminology which Repo (1996) uses in her mode (figure 2) ‘Basic dements
for the condructividic learning environment': knowledge construction, didactic
construction and mental construction.

TEACHER
CONCEPT ANALY SIS LYSISOF
PRECOGNITIONS
DIDACTICAL
CONSTRUCTION
MATERIALS SOCIAL
INTERACTION
KNOWLEDGE MENTAL

CONSTRUCTION LJEARNING OPERATIONS ({ONSTRUCTION

CONTENTS PUPIL
EMPIRICAL ANALYSIS

Figure 2. Basic elements for the constructivistic learning environment (Repo 1996, 182)

Step 5

The man concluson is that "meahematics’ for a teecher is mathematics which is very
tightly related to teaching and learning of mathematics. Its roots are on contents which are
meant to teach to pupils and it darts from problems and questions of teaching and learning
mathematics. Thus it is not so reasonable to go from top to down but viceversa from down to
top.
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But - when we dat from problems and questions of teaching and learning we probably
find the whole fidd of mathematics if we go far enough. So the questions are How far should
a primary school teacher go? Which are the most important things shelhe should find? OR as
the question was in the beginning: What mathematics?

Step 6

I must admit that | have not found an answer to the question | had in the beginning, but |
have learnt dot and if | reformulate the question to be What kind of mathematics? then | can
give one answer: Mahematics which dats from problems of teaching and learning
mathematics, and thiskind of mathematics| call ‘ didactic mathematics'.
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Abstract

We examine the efficacy beliefs of prospective teachers with respect to problem posing
(PP). Specifically, we used questionnaires and interviews to study the structure of efficacy
beliefs in PP, and to examine the relationship between efficacy in PP, in teaching PP and
performance in constructing problems. We found that high efficacy students were more able
to construct problems of more advanced complexity than low efficacy students. Sgnificant
differences were also found in the level of efficacy beliefs in terms of the subjects
background, prior involvement in related tasks, and gender.

The affective system and problem posing

After decades of research a the international scene, we have some understanding of the
role played by affective variables in human deveopment. Schoenfeld (1992), however,
camed that "we ae 4ill a long way from a unified perspective that dlows for a meaningful
integration of cognition and affect or, if such unification is not possble, form undergtanding
why it is not" (p. 364). He encouraged the search for new methodologicd and exploratory
frames in the effort of conceptudizing the arena of beiefs Subsequent research resulted in
expert consensus that affect is an essentid factor in learning, which interacts with cognition
during problem solving activities. The affective sysem is conddered as the most important
among the five representation sysems in a unified psychologicd modd proposed by Goldin
(1998) for mathematica learning and problem solving. The other four sysems are the verbd
gyntectic, the imagidic, the auditory, the formd notationd, and the sysem of planning,
monitoring and executive control.

The &ffective sysem includes beliefs, conceptions, views, atitudes, emotions etc. related
to mathematics and mathematicd learning. Thus, if we define learning as the development of
ones "competencies'’, then affective competencies can be learned and consequently taught in
the same way as cognitive competencies (Goldin, 1998). Regarding the teaching of affective
competencies, the teacher's own belief system is of primary sgnificance. Severd components
of this sydsem have been s0 fa invedigated, incduding sdf-confidence, sdf-esteem, <df-
concept, and self-efficacy. In generd, feding efficacious to perform a certain task was found
to be the most reliable predictor of one’s behavior in the course of achieving this task
(Bandura, 1997. In particular, the ability to condruct problems and ones confidence in that
ability are among the most important competencies in mathematics learning (English, 1997).
Teacher education progams should, therefore, enhance both cognitive and affective
development of the prospective teachers.

Bandura (1997) defined sdlf-efficacy as one’s conviction that he or she is able to achieve a
certain task. By andogy, teaching efficacy can be defined as ones bdief in hisher capability
to
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achieve learning outcomes. Sdf-efficacy is a context-specific condruct in contrast to sdf-
esteem, which is more globd. Tha means that the sudy of teacher efficacy is more
meaningful when carried out in terms of specific teaching tasks rather than in generd.

Severd researchers found that student's efficacy beliefs are closdy related to mathematics
achievement. For ingance, in models usng path andyss the direct influences of efficacy
beliefs on sudents performance were estimated to range from .349 to .545 (Pgares, 1996).
Furthermore, Pgares and Miller (1994) asserted that efficacy in problem solving had a causd
effect on dudents peformance. They found tha efficacy beiefs are better predictors of
performance in problem solving than bediefs about the usefulness of mathemétics, the
involvement of students in mathematics, sudents' gender and experience with mathematics.

The debae about reforming mathematics education was directly affected by new
conceptions of the naure of mahematics and of the meaning of knowing mathemétics.
Knowing mathemétics is widdy identified as "doing mathematics' and learning mathemdtics
as equivdent to condructing meaning for onesdf and the &bility to handle non-routine
problems. In this context, PP becomes a primary factor that contributes to enhance students
ability to solve mathematical problems (Leung, 1994). Moreover, the growing support for
some kind of congructivist epistemology has led to increased emphass on teachers ability to
congtruct problems. Indeed, the main responsbility of teachers conssts of constructing and/or
sdecting pedagogicdly rich problem stuaions, which facilitate a group of Students to do
mathemeatics on their own.

PP tasks may take different forms and thus students can be involved in PP through a
vaiety of dtuations. In this study, we asked students to pose problems based on a given
mathematicd gtuaion, on a number sentence, or by modifying the Sructure, the data or the
information given in certain problems. The god was to explore reationships between the
prospective teachers efficacy beiefs on PP in each of the dtuations and their competence to
complete the tasks. In this respect, we sought for (a) relationships between students efficacy
beliefs in PP and ther ability to congruct problems, (b) reationships between sudents
efficacy beliefs to pose problems and efficacy to teach problem posng, and () Sgnificant
differences in efficacy beiefs PP in terms of gender, prior involvement in problem posing,
and mathematica background?

M ethodology

A 3l-item quesiomare was adminigered to 115 fourth year dudents, during the find
dage of teaching practice, aming a the daification of ther involvement in PP and problem
solving activities, and of ther efficacy beiefs with respect to these tasks. Next, we sdected
and interviewed 25 sudents according to their efficacy levd, ten from the low efficacy (LE)
group, eght from the average efficacy (AE), and seven from the high efficacy group (HE).
The interviews involved tasks smilar to those in the questionnaire and were conducted by one
of the researchers. The tasks and the directions to students were:

Number sentence. "Congruct three different problems, which coud be solved using the
equation 56: 6 =n".
Mathematical gtuation Congtruct three problems based on the following gory: "Michad,

Nicolas, and John drove in succession on their way back from a trip. Michad drove 80 km
more than John. John drove double the distance that Nicolas did. Nicolas drove for 50 km ™.

Problem modification. Congruct up to seven different problems modifying the problem: "The
sudentsin a certain school were talking about their favorite singers. One fourth of them voted
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for dnger A, one sxth for anger B, one eighth for snger C, and one twelfth for snger D. If
90 students were undecided, find the student population of the school”.

The students were given ample time to congruct problems on their own; when a student
got stuck, the interviewer provided gppropriate hints about possible ways out. For instance, in
the case of the number sentence, a regular hint was "find a problem in which the answer is not
fractiond”, in the case of problemrmodification the students were advised to "insert new
information”, or "change the unknown', "impose new condrants', etc. Non sensgble or
impossible problems were considered wrong proposals.

Results

Andyss of the quedionnares. Students responses were factor andyzed udsing Principd Axis
factoring with varimax rotation. A five-factor solution was identified as the most appropriate
gructure of efficacy beiefs (explaned variance = 75%). The loadings of the items on each
factor were large and Satigticdly sgnificant.

The firg factor, which comprised of dx items indicating efficacy in PP given a number
sentence or a mathematical dStuation, explaned 21.4% of the variance. The items
comprisng this factor and the loadings were "Given a number sentence, | can condruct, one
problem (.67), two different problems (.72), three different problems (.67). "Given a
mathematica gSituation, | can congtruct one problem (.82), two different problems (.85), three
different problems’ (.75). The second factor conssted of seven items reflecting confidence in
one's ahility to pose problems by modifying a given problem. This factor explained 19.71%
of the variance and conssted of the following items. "I can modify a given problem by adding
information (.66), removing information (.78), changing the unknown (.53), changing the
context (.80), changing the values of some varigbles (.61), usng the drategy "whet if* (.79),
and imposing new condraints (.78)". The third factor, which reflected the subjects efficacy to
teach PP drategies, explaned 12.58% of the variance. This factor is comprised of the
following three items. "I am able to integrate problem posing in my teaching’(.86), "I am able
to teach primary students how to construct problems (.81) and "I fed competent to help
primary pupils condruct problems on ther own' (.67). The fourth factor reflected the
subjects involvement in PP activities and explained 11.7% of the variance. This factor
condged of the following four items "After solving a problem, | usudly consder a related
problem”(.78), "During my fidd experience, | atended mahemdics lessons, which involved
problem posing" (.77), "l have dedt a lot with problem posing’(.72), and "When | am given a
problem, | usudly try to find other reated problems' (.77). Findly, the fifth factor reflected
students experiencein PP and explained 10.26% of the variance. This factor consisted of the
following three items "l have spent condderable time in problem solving” (.70), "During my
fidd experience | have atended mathematics lessons which involved problem solving' (.82).
"During my field experience | taught PP " (.77).

We used the five extracted factors to explore differences among students, which reflect
efficacy bdiefs as dependent varidbles and the students mathematicad background (high-
school  strand?), prior involvement in related tasks, and gender as independent variables.
ANOVA showed that students from the science strand had more desirable efficacy beliefs
than students in both the cdlasscd and the economics drands in dl three cases of problem
congtruction

* The Department accepts students from the science section (mathematics and science), the economics section
with (additional mathematics), and the classical strand (students take only the core mathematics curriculum).
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(number sentence, mathematicd dtuation, or problem modification). The same pattern was
ds found on the teaching efficacy factor. There were no ggnificat differences among
sudents from the economics srand and the students from the classica drand. Taking into
account students prior involvement in relaied tasks, we found that Students with extensve
experience in such tasks expressed higher efficacy bdiefs in their adility to construct
problems and teach problem posing than those sudents with limited or no experience. It
should further be noted tha dl paticipants in generd expressed dgnificantly  higher
involvement with problem solving than with PP activities ( Xps= 2.01' X pp. = 1.66, p <.01).

Sonificant differences were adso found between made and femae presarvice teachers on
the factor of teaching PP (X= 3.11, Xf = 2.71, p < .05). These differences can partidly be
atributed to the mde sudents superior efficacy beliefs in ther ability to congdruct problems
from a given number sentence over femde dudents ((Xm = 3.62, “Xf = 3.10, p < .05).
Findly, the dudents efficacy bdiefs in condructing problems from supplied information
were sgnificantly higher than their efficacy beliefs in teeching PP ('Xpp, = 3.27," Xtpp. =
281, p<.001).

Sgnificantly corrdations were found between the factors "efficacy to condruct problems’
and "efficacy to teach problem posng’ (r = .62, p < .01), as wel as between the factors
teaching efficacy on the ane hand and the factors posing problem from a number sentence and
a mathematical Stuation, and modifying a given problem on the other hand (r = .58, r = .55,
r = .52, respectively, p< .01).

Andyss of the interviews The andyss of the interviews showed that dl participants redized
the importance of developing PP competencies and considered problem posing as harder than
problem solving. They vaued, however, problem posing as the ultimate god of mathematics
learning, since "a thorough underganding of problems and problem solving is evidenced
when teachers and pupils reach the level of problem posing”.

The mgority of the students (52%) fdt uneasy when asked to congtruct a problem of their
own (two of the LE dudents fet even anxious when assgned such a task). Five of the AE
dudents sad that even "ligening the term problem posng makes them fed insecure’, and
they condder problem posng to be "a very complicated process'. The mgority of the HE
dudents fet quite comfortable with the task, though one of them mentioned "I do not have
any red experience and hence | would not to underteke such a task”. The differences among
the three efficacy groups were more obvious when they focused on PP based on a
mathematical Stuation, a number sentence, or on the modification of a given problem.

LE sudents were less confident in PP than AE and HE students. Specificadly, three LE
sudents felt that they were "not well prepared to involve ther sudents in PP activities'; they
dated that they themselves "faced so many troubles’ in this activity and were "not confident
in undertaking such a task”. Two others expressed "reservations...” and "fdt more
comfortable in teaching PP in the lower school grades'. For ingance, one of the LE subjects
mentioned "what | redly lack is the confidence in mysdf, ... that | will succeed in making a
problem. My prior experience was o far in solving problems, ... not to make up a good
problem to assign the to others'. The AE subjects were more or less ready to pursue the task,
though "they needed more experience with PP'. On the contrary, five of the HE Students
dated that they were well prepared to integrate PP in their teaching, while two others held the
same beliefs as the AE students, i.e,, they said that they needed "additiond experiences’.

PP _from a mahematica Stuation We adopted the linguistic and structurd criteria to classify
the problems congtructed by students namely (@) the type of the question, and (b) the number
of important relations involved in the problem structure (English, 1997; Silver and Cai, 1996).
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The problem questions can be classfied as conditional, relational, and assgnment. The
conditional and the rdationd questions are consdered as more complicated than the direct
assgnment questions. Further, the number of relations involved in a problem indicates the
complexity of the problem in the sense that a large number of reations in a problem adds to
its complexity (English, 1997. The students answers were classfied according to the above
mertioned criteria

Bandura (1997) assarted that efficacy beliefs is a good predictor of the qudity of peoples
work meaning that the complexity of the problem and the type of the question should be
related to the efficacy leve. Indeed, we found that the LE students congtructed in totd 30
questions, 23 of the assgnment and seven of the rdationa type, while the AE students
condructed 17 assgnment questions, four reationd questions, and three conditiond
questions. Findly, HE sudents congructed eleven assgnment questions, eight reationd, and
two conditiond questions. An increasng trend was dso observed in complexity as indicated
by the average number of relations. per proposed problem; it was 2.33 for LE subjects, 3.25
for AE subjects, and 2.95 rdations for the HE subjects. Table 1 shows indicative problems
congtructed by students in each efficacy group.

Table 1. Examples of problems constructed by the subjects of the three groups

L ow Efficacy Aver age Efficacy High Efficacy
Assign. | How many km did John and | How many km did the three| How many km did each of them
Michael drive? friends drive altogether? drive?
Relat. |How many more km did| Did both Nicolas and John drive| How many less kn did Michael
Michael drive than John? more km than Michael did alone? | drivethan Nicolas did?
Cond. [none If the average speed of the car | If the distance of their journey was
were 50 km/h, how long would [ X km, how many km would each
thejourney last? of them had driven in order to

reach their destination?

PP_from a number sentence. The sudents had great difficulties in condructing problems given
a number sentence. Mogt of the students explained ther difficulties saying that" there is no
dory to start with...one has to start from the beginning, to creste everything in hisher own
mind". Three LE students were unable to congtruct problems, based on this number sentence,
diciting answers other than 9 2/6, despite hinds by the interviewer. The AE and the HE
students were able to do o, but it was evident that this task was more difficult even for them.

Modifying a given problem Condructing a new problem by modifying a given one was the
second easer task for the mgority of students, next to the problem dStuation, which was
generdly judged as the easiest. About 64% of the subjects initidly thought to change the story
of the problem, 56% to change the vaues of the variables or the unknown, 28% to introduce
new information and 28% to deete some information. However, only two of the subjects
thought to impase new condraints or extend the problem using the “what if” strategy.

Discussion
The findings of this study support the clam tha the main source of efficacy beliefs comes

from the individuds experiences with smilar and relaed tasks (Bandura, 1997). The
following
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extract from a LE gudent is quite indicative "I redly lack the confidence in mysdf, that | will
succeed in doing a problem; my prior experience was S0 far to solve a problem, not to find a
good problem for the pupils’. The stience drand sudents (with an overal deeper
mathematicd education than the dudents from other drands) exhibited a higher leve of
efficacy beliefs. Mdes were found to hold higher efficacy beiefs than femaes. One possble
explanation could be the masculine "aggressive' dtitude to overestimate own capabilities
againg the feminine moderate atitude, influenced by the well-known role stereotypes.

The corrdations between efficacy bdiefs in problem posng and the ability to construct
problems indicate that efficacy beiefs is decigve factor influencing, possbly predicting the
subjects performance in PP, a least in the type of sources examined in the present study.
Furthermore, these beiefs provide a clue about the quality of the results in such a task. The
AE and the HE students were able to construct more problems and of higher complexity, as
indicated by the type of the questions raised and the number of relations involved. In addition,
these subjects used to test their problems and fdt more comfortable with this task of problem
posing, in contrast to the LE students who fdt anxious, when facing a problem posing task
and they seldom attempted to test the problems they constructed.

In concluson, our findings suggest that developing efficacy bdiefs in problem posng
should be an integrd pat in any presarvice teacher education program. Efficacy bdiefs
conditute "an important component of motivation and behavior" (Pgares, 1996, p. 341) and
consequently are important for integrating problem posing and problem solving in dassroom
indruction. The corrdaion found among the efficacy in problem posng and the sStudents
beliefs about teaching this activity suggests a possible focus for further research.
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Abstract

The paper deals with the question: what do Finnish lower secondary school teachers of
mathematics believe about girls and boys as learners of mathematics.

In this study teachers (112 female and 93 male) were to classify a list of characteristics as
more typical among girls or among boys (aged 13-15 years). In this paper | analyse the
answers  items on the questionnaire that deal with the question of mathematics as a
male/female domain. The results suggest that a great majority of teachers see differences
between girls and boys as learners of mathematics. Even many of those teachers who did not
see any differences in inborn abilities believed that boys more often than girls succeeded in
mathematical tasks demanding higher cognitive ability. There is some evidence that some of
the teachers, though a minority, have a tendency to stereotype mathematics as a male domain.

The preconceived beliefs of the teachers concerning gender-based learning styles — boys
use their brain and girls are just hard workers —may reinforce and sustain differences.

1. Background

Since the early 1970's there has been an increasing research activity in the fidd of gender
and mathemétics education especidly in the English-gpesking Western nations [3]. In Finland
only lately, more than twenty years later, has this issue become current. In the year 1995 an
evduation of the avalability and equdity of Fnnish comprehensve schooling was caried
out. In this evauation, equality between boys and girls was one of the themes. Boys did better
than girls in the mathematics assessment. However the boys math marks were dightly poorer
thanthe girls.

The current problem in Finnish upper secondary school is that far less girls than boys teke
the extended course in mathematics (and especidly in physics). The quegtion is, what it is in
the teaching of comprehensve school mathematics and in the learning experiences of students
that causes such a drong gender commitment. The low paticipation rate of girls in
mathematics dudies is a disadvantage for girls and gender equdity because of its
consequences for girls later career posshilities. The extended course in mathematics is a
"gatekeegper” to many faculties a the univerdties. Though it must be admitted that gender
equdity is not the only reason for the present interest in girls and mathemdics. In Finland a
more important reason is connected with employment and shortage of labour in the
information technology. Therefore there is a growing need for students in higher education of
mathematics and technology. Girls are an underrepresented group and therefore they are seen
as aresource and a potentid group for these fields of study.

In Finland equdity between boys and girls & school is generdly consdered so sdlf-evident
that the principle is not written into the school curriculum. Schools tend to be "gender-blind",
and teachers gender-neutrdity is often merdy superficid. In principle, good teechers are
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expected to promote equdity, but what this means a the day to day leve is unclear. If a
teacher is not aware that he or she may carry unconscious beliefs concerning gender and
mathematics, these discriminating beliefs can act againgt the teacher’s good aims a equdlity.
Thus culturd myths concerning gender, eg. mahematics as a mde doman, become sdf-
fulfilling prophecies

Teachers bdiefs influence ther teaching practices and classoom behaviour and they in
turn affect the pupils views of themsdves as learners of mathematics. Studies in Finland and
dso in other countries have shown that girls sdf-confidence in mahematics is lower than
that of boys and tha teacher-pupil interaction is gender dependent. Teachers attitudes,
beliefs and perceptions of gender differences may impact the formation of sudents
confidence in mathematics. Girls are a minority in advanced mathematics courses. It is
possible that teachers beliefs about gender and mathematics play an important role especidly
in girls mathematics choices for upper secondary school and later choices a the university
level.

Thus perceptions that educators have of real or imagined gender differences @n be used as
oneindicator of the conditions that may influence secondary school students.

2. Central concepts

In this paper | use the term gender in the meaning of sex. Another dterndive policy is to
use the term sex when referring to biologica didinctions and the term gender when referring
to psychological and socid festures associated with the biologicd sex. However in this paper
| do not discuss any deeper the issue on defining the concept gender; a student is a girl or a
boy.
In the educationa literature and among researchers there is no common definition for the
concept belief [2. Bdiefs are on the border between cognition and affect. The latter, affect, is
often more or less emphasised in a teacher’s beief concerning gender and especidly gender
and mathematics. What a teacher sees as his or her experience based knowledge about girls
and boys unavoidably reflects his or her unconscious primitive beliefs. Therefore in this paper
| use the term belief even in the case the subject, the teacher, might speak about conceptions,
knowledge or facts.

3. Subjects

The study is a survey. The test subjects are Finnish mathematics teachers from a sample of
150 randomly chosen schools for grades 7-9 (13-15 -year olds). In each school two
mathematics teachers, one femade and one made, if available, were asked to respond to a
questionnaire. This was carried out in spring 2000 and materia was received from 112 femae
and 93 mde teachers. Some smdler schools in the sample might have had only one
mathematics teacher and some schools did not have a mae teacher; therefore the percentage
of responding was approximately 72 % for female teachers and 68% for male teachers.

4. |nstruments

| developed a ligt of characterigtics that the teachers were to classfy as more typicd among
girls or among boys in ther classooms. These characteristics were based on previous
research findings and dso on my own experience as a mathematics teacher. The 55 statements
of these characteristics were grouped under the following headings

A) Girls and boysin math-class
B) Girls and boys dtitudes
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C) Girls and boys &hilities and cognitive skills
D) Upper secondary mathematics choices and career choices
E) Gender equdity in school

This grouping of the datements was intended to support the tescher in answering the
guestionnaire. Some items that were supposed to belong to the same belief factors were mixed
into different groups in order to prevent teechers answering conscioudy in "the socidly
acceptable way”. In addition to this structured questionnaire the teachers answered to some
open questions concerning differences between boys and girls as mathematics learners.

In this paper | andyse some of those items that dedl with the question of mathematics as a
maefemae domain. These nine items and the abbreviations are the following:

A _math X gets through the extended mathematics course more eesily.

Inborn X isinnatey mathematically more talented.

Reasoning X is cgpable of reasoning.

Intelligence X’s success in mathematics is based on the use of his or her inteligence
and power of deduction.

Unfamiliar X can solve unfamiliar tasks.

Routine X isbetter at routine tasks than at problem solving.

Painstaking X’s achievements in mahematics rdy more on pangeking practise
than understanding.

Rote-learning X leans on rote-learning and does not even try to understand.

Unimportant Mathematicsis not crucia for X’sfuture career choices.

In these statements the subject X was to be chosen from the following five dternatives.

usudly agirl

agirl more often than a boy
agirl asoften asaboy
aboy more often than a girl

usudly aboy

Thus the item response was based on a trivid comparison between the two groups. This
was amed a to help the teachers to answer without much effort and maybe frankly as well.
The quite high responding rate can possbly be attributed to the easiness in answering. Also it
was expected that using the choice between a girl and a boy would make the meaning of the
answer cler and unequivocd. Conventiond Likert-type items answered on a scde from
agreement to disagreement are not unproblematic [1). For example, what can be referred from
disagreement with the item: Girls can do just as wdl as boys in mahematics? Are girls doing
better or are girls doing worse? This kind of problems were avoided in the present
questionnaire.

WoHQ Q@

5. Somefirst results of the belief of mathematics as a male or female
domain

The nine items were answered to by the teachers in a different order than presented above
and among the other (altogether 55) items. The firs three of the items above concerned
beliefs about gender differences in mathematicd capabilities. These three items were mostly
answered neutraly or "a boy more often than a girl". In the andyss the ratings were scaled —
2,-1,0, 1 and 2 (from —2 "usudly a girl" to 2 "usudly a boy"). The average of the raings of
the first three items were postive 0.27, 0.24 and 0.34. The postive vaues mean that teachers
dightly tend to believe in boys higher cgpabilities in mathematics.
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The next items concerned gender differences in learning syle and in  gpproaching
mathematical tasks. Most teachers beieved that boys more often than girls use their heads, so
the averages for these items were podtive Intelligence 0.57 and Unfamiliar tasks 0.69.
correspondingly the averages were negative for items Routine -0.63, Painstaking —0.82 and
Rote-learning —0.74. In short the results indicate that teachers believe that girls more often
than boys work hard without understanding.

The lagt item Unimportant had aso a negative average —0.58. Most teachers believe that
the statement "Mathematics is not crucid for future career choices' fits more often to a girl
than aboy.

6. Teachers' belief profiles

The teachers were categorized on the bass of the answers. This was done using K-means
cluser anadyss. The cluster centres were chosen to maximize between-cluster distances. The
3-cluster solution appeared to be reasonable in respect to the interpretation and also in respect
to cugter szes. The 4-cluster model was also considered. The 4cluster modd gave the three
fird cdugers very much dike those in the 3-cluster modd and the fourth cluster included only
7 teachers (3%). Hence the 3-cluster model was rated appropriate for a closer study. In the 3
cluser modd the clusters were quite equa in sze. Cluster No.1 had 30% of the teachers,
Cluster No.2 had 32% and Cluster No.3 was dightly bigger with 38% of the teachers. These
three clugters are given the following characterisations:

- Clugter No.1: "Boys use their intelligence, girlslean on work"
- Clugter No.2: "Mathemdticsisamae domain’
- Clugter N0.3: "No gender differences?’

The plot of means of the item scores gives the beief profiles of different teecher clugters.
They are shown for each cluster in Figure 1.
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Figure 1:Belief profiles for three clusters of teachers.
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In dl clusers most of the means of the item scores differed from vaue O, which was the
neutral dternative; a boy as usud as a girl. These differences were datidticdly sgnificant or
veay dgnificant. There were a few exceptions. the means of item scores for A-math and
Reasoning in the firg cluser and Inborn, Reasoning and Intelligence in the third cluster did
not differ from vadue O datidticaly sgnificantly.

Teachers of the first custer "Boys use their inteligence, girls lean on work" say that they
believe in equd abilities and mogt of them believe dso in equa importance of mathemdtics to
girls and boys Sill we might ask the question: do the answers to the other items ill reved
traditionaly dstereotyped expectations eg., boys are smarter; girls have to work hard to
succeed?

Teachers of the second cluster "Mathemdtics is a male domain” seem to beieve that there
are inborn differences in mathematical ability between girls and boys. Boys are tdented more
often than girls. In conggtency with the foregoing, boys more often than girls are capable of
reasoning, use their intdligence and power of deduction and solve unfamiliar tasks. Girls
more often than boys are better a routine tasks than a problem solving and do not try to
understand but lean on rote-learning. Teachers of the second cluster answered that
mathematics is more often not crucid for girls career choices, this differs cearly from the
answers of the teachers of the other two clusters.

Teachers of the third cluster "No gender differences?’ chose mosly the neutrad dternative
of the questionnaire; "a girl as often as a boy". The minor differences they had found between
boys and girls were concerning learning style and importance of mathematics. Still there is a
question mark: what is beneath the surface of these answers? | have a problem in interpreting
the true beliefs of the teachers of cluster 3. There seem to be two dternatives. The firgt
interpretation: The teachers of the third cluster are committed to gender equity. Nevertheless
they are awvare of gender differences and they ae redidicadly and truthfully admitting that
girls dightly more often than boys rely on plan work and aso mahematics is not dways
crucid for girls future careers. The second aAternative interpretation is quite oppodite to the
first: The answers are to be interpreted negatively. These teachers are not able to observe and
recognise gender differences or they just do not want to see any gender related problems. It is
highly probable that the third cluser conssts of both types of teechers those who are
supporting gender equality and those who are "gender-blind'.

Later this empirical data will be extended with data gathered by teacher interviews and in-
class observations By this means | am expecting to find the answers to the previoudy
mentioned problems in interpreting the teecher belief profiles.

7. Discussion

This research on teachers beliefs about gender differences of student mathematics learning
suggests that a grest mgority of teachers have different beiefs dbout mde and femae
dudents. Even many of those teachers who did not see any differences in inborn abilities
believed that boys more often than girls succeeded in mathematicd tasks demanding high
cognitive ability. There is some evidence that some of the teachers, though a minority, have a
tendency to stereotype mathematics as amae domain.

The preconceived beliefs concerning gender-based differences in learning styles - boys use
their bran and girls are just hard workers - may reinforce and sudtain these differences.
Teachers beliefs lead to different expectations, different expectations lead to different teacher
treatment of boys and girls.
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However the impact of this phenomenon on gender differences in student performance,
attitudes and choices gtays unclear. One might ask what is the role of a teacher’'s own beliefs
about mathematics and what is the influence of his or her teaching dyle. Is it possble that a
teecher in the dassroom, maybe unconscioudy, gives the impresson "Almos dl mathematics
problems can be solved by direct gpplications of the facts, rules, formulas and procedures
shown by the teacher or given in the textbook"? Is it possible that girls as "good and obedient
learners’ are more submissive than boys to accept and follow modds even if these modes
reflect an unhedthy mathematica belief of their teacher? Is it because of this phenomenon a
girl more often than a boy becomes a rote-learner or a copier and a reproducer of other
peoples mathematics indead of doing her own mathematics? There is a vicious circle The
teechers teaching practises reinforce girls unfavourable learning practices which in tun
reinforce teachers lower expectations of girls success in mathematics. This interesting issue
is beyond this presentation and needs a further studly.
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Appendix 1

Distribution of answers of 205 middle school mathematics teachers

G usudly agirl -2

g agirl moreoftenthanaboy -1

+ agirl asoften asaboy 0

b aboy more often than a girl 1

B usudly a boy 2

G (g | |b |B

A _math X gets through the extended math in upper 3 148|477
secondary school more easily

Inborn X isinnately mathematicaly more taented 1 (15841 |5

Reasoning | X is capable of reasoning 6 |[127|68 |4

Intelligence | X’ssuccess in mathematicsis based on the use of 5 |90 (98 |12
his or her intelligence and power of deduction

Unfamiliar | X can solve unfamiliar tasks. 2 |74 |114|15

Routine X is better a routine tasks than a problem solving. 10 |116(73 |6

Painstake | X’'sachievementsin mathematics rely more on 9 |[151(45
paingtaking practise than undergtanding.

Rote learn | X leanson rote-learning and does not even try to 13 |126(65 |1
understand.

Unimport | Mathematicsis not crucia for X’ s future career 8 (10981 |5 |1
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Abstract

The didactics of mathematics realises the need to find the ways of changing the present
school supporting creative teaching and learning and inhibiting the long-standing instructive
teaching. The contribution discusses integrating of grasping of situation into mathematics
lessons and the utilisation of projects as two of the possibilities how to develop student’s and
teacher’s attitudes and beliefs about meaning and aims of mathematics education.

1. Introductory remarks

In the lagt time we meet compadivey often in our country the comment that present
mathematics education is devoted mogly to the performance of students, that it does not
develop in adequate extent the cognitive skills and persond capabilities of students.

Plenty of our teachers see the core of mathematics education in practisng and mastering
numerica and drawing techniques, propostions and indructions, how to solve certain typica
problems. Students then understand mathematics as a set of rules that it is necessary to drill
hard and to remember well. Some of them even make concluson that only a few eected
individuals are dlowed to get down to the secrets of mahematics. This sudents belief is
great obstacle for effective learning mathematics.

It is possble to say that the actud process of education does not coincide in favourable
extent with the opinion declared by didacticians (e. g HENY, KURINA in [2]) that

... the sense of education is the cultivation of students, ... it is not the priority, that students will master
certain amount of knowledge or information, but students should understand the world, they should be able to
solve problems which they can meet, they should be able to search for information and evaluate it, they
should be equipped for their own further devel opment.

In the course of learning part of the “world of culture’ becomes a component of “menta
world of student” [2,10,11]. Important basc question of didactics of mathematics is what way
along this process proceeds. Whether via transmisson and indructions or by the way of
congtruction, when the student actively approaches to the congtruction of his’her own mental
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world [2]. In our present school predominate ingructive approaches. In our opinion the
memorized idea is not red knowledge. We believe that it would help to reease our school
from many drawbacks and to increase the qudity of education, if we stressed more the
constructive gpproach in mathematics education [1].

2. How to achieve the change of the character of mathematics education?

We paticipated in the following experiment with interesting results. Teachers of lower
secondary school were st by five suggestions how to proceed in the course of teaching the
Pythagorean theorem. These suggesions differed by involving condructivisic idess at
various levels. The teachers task was. (1) to decide what suggestion they find to be the most
suitable and (2) to choose the suggestion which is the nearest to their own procedure in the
teaching process. Also those teachers, who chose in sep (1) one of predominantly
congtructive approaches, characterised sdf-criticaly their own procedure at lesst by one
degree closer to indructivism and transmisson. It can indicate tha some teachers have
difficulty in changing their style of teaching.

We redise that the character and quality of education depends decisively on the teacher.
Therefore we endeavour to affect and influence the teechers with the am to cultivate their
opinion and beiefs in the sense of mathematics educetion for the development of students
persondity. We should help them to move the centre of their appea to students from the role
of someone who passes the informaion over to the role of a person who gimulates
chalenges, quegtions and problems, crestes the climate, provokes the activity, urges the
dudents to learn actively and as usars. Aiming a this god it comes to the forefront of our
interest the “open approach” method [9]. In connection with it we started to study two areas —
grasping of Stuations[3,4,6] and utilisation of project [7,8].

3. Grasping of situations

“Stuation” means for us mahematicd or non-mahematica (open) doman, which we
want to sudy and from which questions and problems grow up.

As we formulated in more detail eg. in [3,6,13] we mean by the grasping of (red) Stuation
process of thinking that involves perception of dtuaion as a section of red life discovering
the key objects phenomena and relaions between them; setting-up certain direction of
grasping red dtuation; rediang and formulation of problems (cluster or cascade interfaced
problems with different grade of difficulty) growing from the gtuation and of quedtions,
which could be asked. These activities are directed to the investigation and understanding of
the stuation and their am is the problem posng. In the following sages of grasping of
gtudions predominates the problem solving, i.e. manly searching for answers to questions,
solving the posed problems and formulating results, interpretation and evauaion of the
results and answers, identification of the new gStuaion and its gragping udng the experience
enriched by the current activity.

When we ded with grasping of dtuations we place the teachers as wdl as sudents in an
“unknown world.” Therefore, we prepare scenarios, eg. [5,12], desgned mainly for the
teachers. We treat them as an ingpiration, never as an indruction. The components of such
scenarios are epecidly: presentation of the Stuation; st of questions to hep remember
previous experience; introductory problem with complementary questions, supporting
collection of problems growing from given Stuation (some of them are usua, some of them
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awake fedings that they do not belong into the mathematics); comments for teechers tha
outline various posshiliies of graging of given dgtuaion; remarks rdating to individua
items that not only show the mathematica solution but aso put dress on the role of
introgpection.

The am of scenarios is to show the possble ways for andysng a Studion and it's
grasping. The experience shows that it is agppropriate to dart with narrowed “oriented”

gtuation. It means that dready a the beginning we outline the domain of invedtigation, the
area of interest, orientation of questions.

4. Sample of situation

We will show sample of dtuation, which is according to our experience interesting for
both, teschers and dudents. Investigetion of this gStuation does not require any great
mathematical knowledge. Therefore we dedlt with it from the 4™ grade (10-year-old) [13].

Presentation and description of the Situation

We commute to work in our own car every day. Our friends who live in the nearby towns
and villages and who we work with use their own cars as well.

Orientation of grasping Stuation

We consider if it is possible to save travel expenses and to what extent.

Simple introductory open problem

Adam and Bob go to the same place of work. Each of them goes every day with his own
car. The cost of Adan's journey is 18 crowns (Kc) and the cost of Bob’s journey is 6
crowns (Kc).

Adam Bob work

Outlined sequence of questions
What can you calculate using numbersin the picture?
Consider if Adam and Bob could spare some money. How will they do it?
Find out how much money would they pay if they went together with Adam's car. How
much money would they spare?
Work in pairs. Imagine that one of you is Adam and the other Bob. Suggest what
amount of money each of you should contribute to the total expenses.
Evaluate from Adam’'s (Bob’'s) point of view if the suggested sharing expenses is
advantageous or disadvantageous for you, if it is acceptable or not. If one of you does
not agree with suggested sharing expenses, try to find a compromise acceptable to both
of you.

The gtuation that concerns individua transport enables to “vary (release) parameters’ and
scenario proceeds by suggedtion of possbilities of it. This phenomenon congdts in that we
change some of initid data in the given gtuation, eg. digances, the number of traveling
persons, the shape of travelling route, expenses per kilometer, the shape of map, etc. in such a
way that from each change a new gtuation, new series of problems grows - from very smple
to more difficult ones.

In the course of work on the grasping of dStuations (and smilarly on the projects) we saw
by younger sudents (10-year-old) greater involvement, enthusiasm, credivity, interest in
work and more willingness to gan new knowledge. The older students (14-year-old) often
worked without interest, they observed the Situation from “outside’, and they were not able to
put
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onedf into the podtion of acting persons. They were shiftless, uninventive, eg. they found
only one (if any) suggestion how to share expenses (usudly by haves), and they looked for
pattern. They did not understand why should they ded with this problem when such problems
are usudly not subjects of exams and they believe that they learn, after dl, for exams.

Our experience showed that great obstacle arises if the teachers do not understand our
scenario as an ingpiration and endeavour to proceed precisaly according outlined items and
guestions. Teaching process was consderably more successful and satisfying for teachers in
case that the teacher understood the prepared scenarios as a source of ideas and as a starting
point for higher own work. Such teachers read through the submitted scenarios and then they
modified them or created their own Stuations and prepared for them their own scenarios. On
the other hand there were teachers who did not see in such work any sense and were afraid of
losng time with it. The teecher has to believe to the usefulness of this approach to the
mathematica education and only in such case success can come.

5. Oriented situation and proj ect

As we mentioned earlier we dart the work on the grasping of Stuaions with narrowed
“oriented (or focused) dtuations’ that could have character of “open problems’. We
concluded that t is possible to understand grasping the “oriented Situation” as a project. On
the other hand we redlised that the part of the work on the project is the grasping of Stuation.
It appeared here that many viewpoints coincided. For this reason we linked these two areas of
research, i.e. the work on grasping of Situations and the work on projects, together [13].

Projects comprise, in our interpretation, various activities in which the students discover
mathematica concepts and laws and/or in which they learn about posshbilities of the use of
mathematical concepts outsde mathematics. When working on a project, a teacher only leads
them or, even, they work on their own.

A project, which is wdl prepared and redised in mahematicd lesson, can endble the
studert to get over possble obstacles while learning mathematics, hep him/her to understand
various relationships in mathematics and in redity; cultivate student's ability and competences
in various ectivities (collecting data, sorting, cdassfication, argumentation, abstractions,
communication etc.); teach students how to dead with dressful Stuations, etc. (see [7] for
more details).

6. Sample of project

The project “Mathematical caendar” was carried out with 14-year-old students. The am
was to prepare the cdendar for the year 1999. The cdendar should have twelve pages, each
page should contain a picture and two word problems.

At firg the students drew pictures. The colours of the pictures should represent fedings,
which a paticular sudent linked with the given month. After that the students creasted word
problems. Firdly they chose the theme in which they formulated the word problem as follows:
Based on their own experience (from their point of view) they chose something characterigtic
for certan month (e.g. for February: it is cold, therefore children wear stocking caps). Or - by
means of encyclopaedia they chose important event in the Czech republic or in other
countries, which happened in given month, for example July - USA - Independence Day - the
opening of Pentagon. When deciding upon the theme of problem, the students should
concurrently havein
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mind aso the second step — to find suitable mathematica topic of the problem, eg.. Pentagon
—area of regular pentagon, percentages, fractions.

At the end they formulated problems, e.g.:

There are 1000 pupilsin a primary school. Of them, there are 56% girls. How many boys
had a stocking cap on February 7" in the primary school in case that each tenth boy forgot
his stocking cap at home?

On July 4" 1943 a new precinct called Pentagon was opened to celebrate the
Independence Day. The ground plan of the building is a regular pentagon, which is inscribed
to circle with a radius of about 260 metres. What part of the circle does the pentagon occupy?

When sudents meet in the course of mathematics lessons the task: “Formulate the word
problem ...” then the Stuation or the mathematicd topic is usudly dready set. In this project
the sudent were set neither the dtuaion nor the mathemetical theme Therefore this activity
was for the students completely new and in many cases evoked ther interest. The students
learnt in the course of work on the project not only to perceive but aso to search for
“mathematics around them”. Such activity hence contributes to the students appreciation of
the sense of mathematics education.

After finishing the work on the project it was proved to be hepful to organise the
expodtion of students works or to present atained results in the form of student conference.
In the conference took usudly part not only the mathematics teachers but aso the teachers of
other school subjects Enthusasm of dudents with which they spoke about their work
dimulated those teachers to the involvement of project method aso in their own teaching, in
their subjects. In this way the student conferences then became one of the means of
cultivation of teachers bdief. So gradudly (dowly but surely) changes the character of
education (teaching process) at this school.

7. Concluding remarks

Our current experience with teachers approach towards the involvement of grasping
Stuations and utilisation of projects in mathematics education shows that the main obgtacle
for incuding of those topics in the educationd process is the common syle of work and
teechers routine which is focused manly on mastering of numerica and drawing techniques.
The same it is possble to say on teachers bdief about the necessty to decrease indructiona
character and to increase its condructive character. Some teechers are afrad that this
gpproach digracts the students from “proper” mathematics. This opinion in fact expresses
ther narrow view of the importance of mathematics education for the development of
persondity. Many teschers ae arad of lengthy discussons whose contribution towards
mathematics they doubt. Others are afraid of the time and intdlectudly intensve preparation
and the difficulty to predict sudents reaction in advance. Many dso do not know how to
evduate sudents on such assgnments.

On the other hand if we manage to overcome the initid distrust of teschers, they are ale to
work very creatively — to suggest and prepare their own scenarios and projects. Also their
beief in suitability and necessty of reinforcement the condructive character of teaching has
increased. The work on scenarios focused on grasping Stuations and preparation of projects
thus contributes towards the cultivation of teachers opinion, conception, and bdiefs
concerning sense and am of mathematica education
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We discussed with the teachers their reactions on including problems of grasping Stuations
and utilisation of project method into mathematics education. At first it is necessry to
mention, that it is the topic with which our present school has only a little experience if any.
On the other hand many teachers dart to redise its sense and usefulness. Important role of
course plays ther motivation, therr volition to try something new. We will show some short
parts from teachers' introgpection, enunciations about their experience.

“The preparation is very demanding, it is necessary to think out each step and to estimate
in advance possble sudents trains of thoughts and questions. ... Students accepted with
pleasure that they are alowed to determine themsdlves on formulation of new problems, to
influence new questions, to assess convenience of solution. In this activity took part aso those
students who are not much successful in mathematics.”

“In the preparatory phase | was afraid how would the students accept such approach to the
problems from practice ... even that before 1 convinced mysdf that those non-traditiond
problems activated students. But attempt to start discussons of the type “What if ...” filled
me by distemper.”

“It seems to me, that it is redly moativating, if the teecher is able to utilise sudents
experience in the course of problem solving. It is graifying to see the eagerness in students
eyeswith which they started towork ...".

It was possble to follow dso the development of cognitive competences of students. The
dudents sarted to investigate, discover the phenomena and the reations between them, to
creste hypotheses and to verify them, to seek for links etc. Concurrently they darted to
gppreciate that the sense at mathematics educetion conssts not only in mastering techniques
but dso in devdopment of competences in problem solving (and dso in other things).
Mathematics dowly becomes meaningful, ussful and interesting activity that satisfies students
and they darted to get confidence in their mathematica competence and to believe that they
are able to solve problems.

Our main intentions for further research in thisfied are the following:

To sudy socid interaction between the students as well as between the students and the
teacher in the course of grasping situations and work on projects.

To investigate mutua reations between pedagogical interactions and acquiring pieces of
knowledge.

To search for main obstacles in cultivation of teachers as well as sudents beliefs about
mathematics education and for phenomena that enables to find those obstacles.
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Abstract

Though Hong Kong students outperformed their Western counterparts in international
comparisons in computational problems, their performance in non-routine mathematics
questions is not that brilliant. This could be related to the conceptions of mathematics both
among the students and among the teachers. When mathematics is regarded as an absolute
truth or a set or rules for playing around with symbols, students would tend to treat doing
mathematics as the memorisation of algorithms and learning mathematics as a process of
transmission. With the use of situations similar to those in Kouba and McDonald (1991), we
found that students possess a relative narrow conception of mathematics. Later, we
proceeded to make more in depth investigations by the use of open-ended questions. Again, it
was found that students did not perform well with open-ended questions and in general, they
tried to approach a mathematical problem by searching a rule that fits by identifying what is
given, what is being asked and the topic the problem belongs. Not only that, evidence has
shown that such a way to approach mathematical problem is largely shaped by the way they
are experiencing learning, task demands, and classroom environment. In other words, such a
narrow conception of mathematics which exist both within the students and in the classroom
culture has led to students tackling mathematical problems by the search of rules rather than
via a conceptual understanding of the context.

1. How we launched the endeavour

The research team (other members. Chi-Chung Lam and KaMing Wong) darted off the
investigation as a curriculum issue.  Students  conception of mathematics was taken as part of
the “atained curriculum” (Travers & Westbury, 1989). First of dl, Adan <sudents
outperformed their Western counterparts in international comparisons in mathematics, (Ca,
1995; Leung & Wong, 1996, 1997; Stevenson & Lee, 1990), but we suspected that they may
lack conceptud understanding. As one facet of it, we suspected that students only possess a
narrow conception of mathematics.  Secondly, the mathematics curricullum was under reform
in which the author was actively involved. As a firg sep, we need to make a full stuationd
agoprasd, to identify the strength and wesknesses of the current curriculum. There, students
conception of mathematics was again one of the foc of investigation (Wong e d, 1999).
Thirdly, we made some tried out the use of higory mathematics in teaching (Lit & Siu, 1998).
To evduae the effectiveness of such a curriculum, we saw that conventiond tests do not
auffice. We incorporated assessments in the affective domain, including beliefs.  All these led
us to a more in depth investigation on the conceptions of mathematics. At the same time, we
redlised that a well-established methodology for such a series of sudiesisin need.
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2. Our project

Initidly we targeted a the deveopment of a methodology, an instrument, that could be
used in future research. As we moved on, why Hong Kong students possess such a narrow
conception of mathematics become prominent. In brief, it was shaped by the long time
indulgence of a learning environment that lacks variation. It was thus a natura step forward
to study the conception of mathematics among teachers.

(& Prologue (1992-93): use of openrended questions to tap when did students regard
themselves as having understood some mathematics (Wong, 1993, 1995).

(b) Phase 1 (1996-97): use of hypothetical Stuation and asked student to judge whether it
is“doing mathematics’ in each case (Wong, Lam, & Wong, 1998).

(b)) Test trail of results obtained in phase 1 (1997-98): teding of rdiability of a
questionnaire developed from the results obtained in phase 1 (Wong et d, 1999).

(c) Phase 2 (1997-98): use of openended mathematics problems to tap Sudents
goproaches to tackling these problems in rdation with their conceptions of
mathematics (Wong, Marton, Wong, & Lam, in preparation).

(d) Phase 3 (1998-99): invedigation of teachers conceptions of mathematics and

mathematics teaching by questionnaires and by interviews (part of the result can be
found in Wong et d, 1999).

3. Students’ conceptions of mathematics

3.1. When did studentsregard themsealves as having under stood some mathematics ?

Two hundred and forty one Grade Nine students in Hong Kong were invited to respond to
the openended questions on gpproaches towards mathematics problems. (a) “What would
you do firg in facing a mahematics problem ? (b) “Wha methods do you usudly use in
lving mahemdtics problems ?° () “What is the essentid dement in successful
mathematics problem solving 77 (d) “Which do you think is the most important step of a
successfully solved mathematics problem ?” and (e) “If you were to score a completed
mathematics problem, which do you think is the most important pat ?’. It was found that
“trying to understand”, “revise and work hard” and “asking othersfor help”.

Another st of five open-ended questions on understanding mathematics was asked of 356
Grade Nine students. They were: “(a) When will you consder yoursdf to have understood a
certain mathematics problem 7°, (b) “When will you consder yoursdf to have understood a
certan topic 7, (c) “Before actudly tackling a mathematics problem, how can you be sure
that you can solve it ?7’, “(d) When do you discover that you don't understand a certain topic
thoroughly enough 7’ and “(e) Which part of the topic do you think you must understand in
order to solve problems successfully 7’ It was found that over hdf of the respondents took
understanding to be “ getting the correct answer”.

These 356 dudents were later requested to recal any instance in which they understood,
redised, grasped or comprehended a mathematics topic, formula, rule or problem, after they
responded to the openended questions. Results revedled that, for Hong Kong secondary
school students, understanding mathematics, may mean the ability to solve problems, the

knowledge of underlying principle, the daification of concepts, and the flexible use of
formulas.
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3.2. Use of hypothetical situations

Twenty-nine students were confronted with ten hypotheticad Stuations in which they were
asked to judge whether “doing mathematics’ was involved in each case. Mog of the
Stuations were taken from Kouba and McDonad (1991). Some examples are “Siu Ming said
that haf a candy bar is better than a third. Was he doing mathematics 7, “An eder dster
lifted her younger brother. She said that he must weigh about 30 pounds less than she. Did
she do mahematics 77 and “Da Keung and Siu Chun went to take a photo a the spird
daircase a the City Hal. When the photo was processed, Dai Keung discovered that the
daircase looked like a sine curve. Did he use mathematics when he looked at the photos 7.
Reaults reveded tha students associated mathematics with its terminology and content, and
that mathematics was often perceived as a set of rules. Wider aspects of mathematics such as
visud sense and decison making were only seen as tangentid to mathematics.  In particular,
they were not perceived as “cdculable” However, students did recognise mathematics as
cdosdy rdated to thinking. Views of mathematics were dso sought from sixteen mahematics
teachers.  Mismatch between students and teachers views was found. Some of the views
among the teachers were sdlf-conflicting.

3.3. Test of reliability of a questionnaire

A quedionnaire comprisng the three subscdes of “mathematics as caculables’,
“mahematics involves thinking” and “mathematics is useful” was developed from the above
research (Section 4. @ove). They consgs of 14, 6 and 6 items respectively, put in a 5point
Likert scde (strongly disagree, disagree, dightly agree, agree, dtrongly agree). It was
administered to a totd of 6759 (2630 from Grade Six, 1357 from Grade Nine, 1419 from
Grade Ten and 1419 from Grade Tweve). Saisfactory rdiability indices (Cronbach’ apha)
were obtained (Grade 6: .71, .59, .70; Grade 9: .73, .69, .75; Grade 10: .72, .71, .78; Grade 12
73, .69, .76). In gnerd, the students agreed that mathematics is something caculable (mean
scores of 3.38, 3.27, 3.32 and 3.21 for Grades 6, 9, 10 and 12 respectively), involves thinking
(mean scores of 3.90, 3.92, 3.94 and 4.04 for Grades 6, 9, 10 and 12 respectively) and is
useful (mean scores of 3.72, 3.24, 2.99 and 3.22 for Grades 6, 9, 10 and 12 respectively). As
we move up the grade levels the extents to which they think mahematics involves thinking
increased and decreased for usefulness.

3.4. Use of open-ended mathematics problems

Nine classes (around 35 students each) of each of Grades Three, Six, Seven and Nine were
aked to tackle to a sat of mathematicad problems. Each set comprised 2 computational
problems, 24 words problems and 4 openended questions. Two students from each class (2
9 4 =72 sudents) were then asked how they approached these problems. The origind
hypothesi's was, a narrow conception of mathematics (as an absolute truth, say) is associated
with surface approaches to tackling mathematical problems and a broad conception is
associated with deep approaches (Marton & Sdj6, 1976; Wong, Lam, & Wong, 1998).
Crawford et d (1998a, 1998b) dready found that fragmented view is associated with surface
gpproach and cohesve view is associated with deep approach, but they were investigating
genera approaches to learning rather than on-task approaches (Biggs, 1993).

Conggent with what was found in previous research, students repeatedly showed in this
sudy a conception of mathematics being an absolute truth where there is dways a routine to
solve problems in mathematics The task of mahematics problem solving is thus the search
of
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such routines.  In order to search for these rules, they look for clues embedded in the
quedtions induding the given information, what is being asked, the context (which topic does
it lie in) and the format of the question. Students held a segregated view of the subject too.

Writing is not mahematics and mathemdics is cdculaions with numbers and symbols.
Many of them thought that by letting the answer to be found as an unknown x and by setting
an agppropriate solution, virtudly dl mathematica problems can be solved by such kinds of
routines. Furthermore, one should only write down those things that are forma and that you
are sure to be correct (otherwise, marks will be deducted for wrong statements). Therefore,
leaving the solution blank is common found in their scripts which does not mean tha the
student did not tackled the problem nor that the student fad no initid ideas of solving it. It is
adso cdear from this sudy that students conception of mathematics is shaped by classroom
experience.  Most problems given to students lack variations, possess a unique answer and
dlows only one way of tackling hem (Wong & Lam, in preparation). It is thus not surprisng
that students see mathematics as a set of rules, the task of solving mathematical problems is to
search for these rules and mathematics learning is to have these rules transmitted from the
teacher.

4. Teachers conceptions of mathematics and mathematics teaching

4.1. Questionnaire

An ingstrument developed and vaidated by Perry, Tracey & Howard (1998) was trandated
into Chinese and administered to 369 Hong Kong primary mathematics teachers, 275 Hong
Kong secondary mathemdtics teachers. The questionnaire was aso adminisered to 105
primary mathematics teachers in China Mainland (Changchun) and 156 primary mahematics
teechers in Tawan for possble culturd comparison. The questionnaire conssted of 7 items
on “mathemdics indruction as trangmisson” and 11 items on “child-centredness of
mathematics indruction” and were put in a 5-point Likert scde (strongly disagree, disagree,
dightly agree, agree, drongly agree). Satisfactory reliability indices (Cronbach’ apha) were
obtained (Transmission: .64, .61, .63 and .65 for Hong Kong primary, Hong Kong secondary,
China Manland and Tawan respectively; child-centredness. .73, .69, .73 and .73 for Hong
Kong primary, Hong Kong secondary, China Mainland and Taiwan respectively).

The status of undergraduate education (mathematics mgor, education mgor, other degrees,
no degrees), teacher education (mathematics mgor, non-mathematics mgor, no teacher
education) and year of teaching experience were aso asked. Corrdation anayses reveded
that the more transmissonoriented and less child-centred, those teachers who were
mathematics mgors a undergraduate studies inclined less to taking teaching as transmisson
and the more the year of teaching experience, the more was transmisson orientation.
However, transmisson orientation was not related sgnificantly with teacher education and
child-centredness was not related with undegraduate studies, teacher education nor year of
experience.  Anayses of variance aso showed that Tawan teachers were most child-centred
and Hong Kong primary mahematics teachers were mogt transmisson oriented while Taiwan
the lesdt.

4.2. Interview

We confronted 12 secondary mathematics teachers in Hong Kong with the same st of
hypothetical Stuations as in Section 4. We asked them what would be ther reections if
sudents have different reactions (whether taking them as doing or not doing mathematics) to
these dtuations. In addition to these, we confronted the teachers with some quotations of
mathematicians like
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“Mathematics has nothing do with logic” (K. Kodaira)

(@ “The moving power of mahematicd invention is not reasoning but
imagination” (A. DeMorgan)

It was found that the conception of mathematics among the teachers is broader than that
found among the <udents in which, “mathematics involves thinking” was unanimoudy
agreed. Other facets of mathematics, as reflected by the teachers, include “mathematics
involves logic’, “mahematics emphasises conceptud underganding”, “mahematics is a
problem solving process’, “mahemdics is a language’, “mahemaics is cdculable’,
“mathemdtics is identified with content”, “mathematics is applicable’, “mathematics is a
dructured st of truths’, “having a mathemdtics sense is important” and “mathematics is a
culturd activity”. Many teachers saw the two sdes of the story too, for ingance, mathematics
involves logic but logic is not mathematics. Linkages between different facets were aso
expressed.  For example, one teacher said, “mahematics is computation with reasoning’
while another said “computation isaway to train thinking”.

5. An outlook to possible future research

There are a number of areas that worth further research. Firs, we may need a more
powerful and more established indrument to tap the conceptions of mathematics and
mathematics learning both on the student’ and on the teacher” sde.  The work done by the
Austrdian group could a direction that we can proceed (Crawford et al, 1994, 1998a, 1998b).
The diginction between the conceptions of mathematics and of mathematics learning, though
intertwined, should be well aware of. Naturdly, it is easer to tgp teachers conception of
mathematics indruction than of mahematics itsdf. The inter-rdationship among students
conceptions of mathematics and mathematics learning, ther antecedents and consequences
worth further exploration. By antecedents we mean the shaping of such conceptions by their
exposure to mathematics, the mathematics problems they encounters and the conceptions of
mathematics and mathematics learning of their own teachers. And by consequences, we refer
to their approaches (surface vs deep) to tackling mathematics problems, their performance in
solving routine and nortroutine mathematics problems.  The work of the Audrdian group
(Crawford et a, 1998a 1998b) certainly form a good basis towards this end. Cultural
comparison can be useful in such an invedtigation too.  Intervention programs to broaden
students' conception of mathematics could be another exciting area of research too.
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