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Abstract

The tenth workshop on Current State of Research on Mahematica Bdliefs took place in the
Department of Teacher Education a the Universty of Krigtianstad from the second of June to
the fifth of June 2001. The conference language was English.

There was no plenary taks, but every presentation had a time dot of 30 minutes with a
follow-up discusson of another 30 minutes. The concept ‘belief’” was seen in a wide meaning
and presentations in this workshop dedt dso with the related concepts of attitudes, views,
conceptions and knowledge. Different views and different approaches in research about these
subjects were analyzed in the workshop.

Theoreticd presentations focused on definitions of the concept bdief and the rdationships
with related concepts (Pehkonen & Furinghetti and Martino & Zan), and representations of
belief sysems (Brinkmann). Empiricad studies focused on teachers (Kaasila and Soro) and
pupils (Lindner and Hannula). Of the empiricd research papers, three are case-tudies
(Hannula, Kaasila, and Lindner) and one (Soro) applies mainly the quantitative paradigm.

Bdiefs and their connection to mahematics teaching and learning were mainly dedt within
the framework of comprehensve school, focusng on students (Hannula), pre-service teachers
(Kaasila), and teachersin service (Soro).

K eywords. mathematical beliefs, conceptions, teaching, learning
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Tiivigdma
Kymmenes maemaattisen uskomugen tutkimuksen tilaa késtteleva kokous pidettiin

Krigiangtadin  yliopiston opettgjankoulutudaitoksessa  kestkuun 2. pavastd kesskuun 5.
paivaan 2001. Kokouskidi oli englanti.

minuuttia, jonka jalkeen seuras 30 minuutin kekustdlu. Kégite ‘uskomus oli  ymmérreity
lagassa merkityksessdén  ja  kokousestdmét  kégttdivad myods dlle ldheisd  kédtteta
asenteita, ndkemykdd kédtyksga ja opettgan tietoa Kokouksessa anadysoitiin  erilasa
katsantokantoja ja |&hestymistapoja ndiden kokteiden tutkimuksessa.

Teoreettisesti  painottuneissa  edtykdssA  sdvitdtiin uskomuskadtteen médittdyja  seka
uskomukden ja dlle l&heisen muiden kédtteden vdisd suhteita (Pehkonen & Furinghetti ja
Martino & Zan) sekd& uskomussysteemin edttdmiga (Brinkmann). Empiirissen  anestoon
pohjautuneet tutkimukset kohdistuivat seka opettgiin (Kaesla ja Soro) ettéd oppilagin
(Hannula ja Lindner). Empiirisgd tutkimuksga kolme oli tgpaudutkimuksa (Hannula,
KaaslajaLindner) jayks tutkimus (Soro) oli |8hestymigtavataan kvantitatiivinen.

Uskomuksa ja niiden yhteykdd matematiikan opetukseen ja oppimiseen tarkagtdtiin
erityisesti  peruskoulutuksen puitteissa ja kohteena olivat oppilaat (Hannula), opettgaks
koulutettavat (Kaasila) jatydssa olevat opettgjat (Soro).

Avansanat: matemaattiset uskomukset, kasitykset, opetus, oppiminen
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Preface

The tenth workshop on Current State of Research on Mathematicd Bdliefs, the so-cdled
MAVI-10 workshop took place in the Department of Teacher Education a the Universty of
Kristianstad from Saturday, June 2 to Tuesday June 5, 2001. There were 12 participants of
whom amost everybody had a presentation. This volume contains the abstracts of most of
the talks given a the workshop.

In this report, every author is responsible for his / her own text. These are neither proof-read
by the editor, nor their language is checked. Addresses of the contributors can be found in the

appendix.

The research group MAVI (MAthematical Views) began about six years ago as Finnish
German cooperation. Of the earlier workshops, dtogether four (MAVI-1, MAVI-2, MAVI-4,
MAVI-6) were organized a the University of Duisburg snce October 1995. Ther pro-
ceedings ae published in the Pre-Print -series of the Mathematicd Inditution a the
University of Duisburg. Three of the workshops (MAVI-3, MAVI-5, MAVI-7) took place in
Finland (Helanki and Hyytidd), and their proceedings are published in the Research report -
series of the Depatment of Teacher Education at the University of Helsinki. At this stage the
MAVI group decided to enlargen itsdf Europe-wide. The MAVI-8 workshop was 1999 in
Cyprus, the MAVI-9 workshop 2000 in Vienna, and this year in Krigiansad. The
proceedings of these meetings are published in the Universty of Cyprus and in the
Universty of Duisburg resp. The next MAVI workshop will take place in Pisa (Itdy) in
April 2002. MAVI has awebpage with more information:
http:/maww.uni-duisburg.de/FB11/PROJECTSMAVI/

In this place, | want to thank Ms Riitta Soro who organized dmost aone the workshop:  She
did mgor pat of the organisatorid work beforehand, and had the editorid respongbility of
this report. A specia thank is aso due to prof. Barbro Grevholm (University of Kristianstad)
who aranged us the facilities a the universty, and Dr. Ingemar Holgersson for his help with
practicd arrangements. Furthermore, we are grateful to the chair of department who dlowed
usto stay in the building during the weekend.

At the Department of Teacher Education in Turku, a new pre-print series is launched, in order
to acceerate the publication of conference or workshop proceedings. This book will be the
firg try in the new series.

Turku, September 2001

Erkki Pehkonen
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Mathematical Networks
Conceptual Foundation and Graphical Representation

Adtrid Brinkmann

University of Duisburg, Germany

Abstract

In the actual didactical discussion there is a widespread consensus that mathematics should
be experienced by students as a network of interrelated concepts and procedures rather than
a collection of isolated rules and facts. In respect to this goal much research work in
mathematics education is yet needed. This paper provides a conceptual foundation of
mathematical networks. There are worked out and defined main network categories relevant
for mathematical school education, and presented graphical representations of mathematical
networks suitable for both educational research studies and learning of mathematical
networks. In addition, a possible graphical modelling of beliefs and belief systems on a
mathematical network by an expanding of the graphical representation of the mathematical
network is proposed.

M athematical Networksin the Didactical Discussion

One of the four cornerstones of the NCTM Curriculum and Evaluation Standards for School Mathematics
asserts that connecting mathematics to other mathematics, to other subjects of the curriculum, and to the
everyday world is an important goal of school mathematics. Among recent eeports caling for reform in
mathematics education, there is widespread consensus that mathematics ... must be presented as a connected
discipline rather than a set of discrete topics, and that it must be learned in meaningful contexts that connect
mathematics to other subjects and to the interests and experience of students.

(Peggy A. House, NCTM Y earbook 1995 — Preface.)

These demands are not new, but they are expressed to an increased extend in the last few
years. Especidly in Germany, the cdl for a renforced representation of mathematics as a
network of interconnected concepts and procedures becomes louder, not at least because of
the results of the TIMS-Study (Baumert & Lehmann, 1997; Beaton et. a., 1996; Neubrand et.
a., 1998) that reved great deficits in sudents problem solving abilities according to a lack of
flexibility in thinking in mathematica networks.

However, a respectivly successful change in mathematics education requires detailed
research work in respect to teaching and learning mathematical networks and the thinking in
these networks. It has to be clarified precisdy which aspects of network are content of school
curricula, intended and implemented, and which aspects should be completed. Furthermore it
must be examined which methodologica and representationd way of implementation of the
different aspects of network in cdassoom ae respectivdly most successful, i.e. in which
extend every of these aspects is learned by students. In addition, the influence that teachers
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and sudents beliefs take on the teaching and learning processes in respect to mathematica
networks, their single aspects and network elements, should be investigated.

Thus, a profound conceptua foundation of mathematicd networks and ther different aspects
IS necessary, as wdl as suitable methods to take in and represent mathematical network
knowledge. Furthermore we must think about a possble mode to describe the
interrelatedness of mathematica networks respectively their dements with beliefs on them.

Conceptual Foundation

The term network as it is used in everyday language denotes a sysem conssting of some
components that are manifold connected, interrelated, and so dependent from each other.
Such a network can be modeled mathematicaly by a graph: the components are represented
by the verices of the grgph and every connection between two components, every
dependence from one component on another, is represented by an edge of the graph. If two
components, a and b, are mutua dependent one of each other, the edge showing this
dependence is pictorid represented by a ling, or dternatively by two arrows, one connecting a
with b, denoted (g b), and one connecting b with a, denoted (b, &). If only b is dependent
from a, the edge between a and b is directed and pictoria represented by only one arrow (a,
b). Thus, the edge-set of a graph corresponds mathematicaly to a relaion on the vertex-set,
modelling the interrelations of the system components.

proof of

Pythagoras
theorem Pythagor as
right-angled /hypOtenuse

: A
triangle

small sideof a

rectangular triangle
\ squareOf the

right angle small sideof a

rectangular
triagle

Figure 1. A mathematical network

Mathematicd knowledge has the character of a network, as mathematicad objects, i.e. for
example concepts, definitions, theorems, proofs, agorithms, rules, theories, are manifold
interrelated but dso connected with components of the externd world. Thus, a mathematicd
network may be represented by a graph whose vertices represent mathematical objects and
nonmathematical components, and whose edges represent a relation on them, each of the

! For the mathematical definition of agraph see e.g. (Jungnickel, 1987; Biggs, 1989).

8
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edges linking the vertices of two mathematicad objects or the vertex of a mathemetical object
and the vertex of a nonmathematical component.

Network Categories

Mathematica objects may be reated in very different ways one to each other or to the
externad world. This may be made clear by an excerpt of the answers given by severd persons
to the question: “What do you associate with Pythagoras theorem?’

Some of the answers related to mathematical objects were for example: “a® + b® =c?”,
“right-angled triangle’, “square of the hypotenuse’, “square of the smal sde of a rectangular
triangle’, “proof of Pythagoras theorem”, “caculaion of a distance’. They show on the one
hand links of Pythagoras theorem according to subject systematics. links based on deduction
(Pythagoras  theorem is only vdid for triangles that are right-angled), links of the superset-
subset-relation / pat-whole-relation (the square of the hypotenuse respectively of the smal
dde of a rectangular triangle are parts of Pythagoras theorem), links expressng a relation of
belonging (the proof of Pythegoras theorem belongs to Pythagoras theorem). On the other
hand the given answers show links according to the gpplication of Pythagoras theorem:
a’+b*=c? is an dgebrac moddling of Pythagoras theorem, it may be used for the
cdculation of adistance.

Further answers reveded severd links of Pythagoras theorem with the externd world, such
a ae links according to the application of Pythegoras theorem for the solving of red
gtuation problems (surveying of fidds in Egypt, or of the river Nil), links of the Pythagoras
theorem with nonmathematicad culture (the philosopher Pythagoras and his work, a poem
about Pythagoras by Ovid), links with the ways this mathematical content has been learned,
links with mnemonic phrases (a German chocolate advertisng “Quadratisch. Praktisch. Gut.”,
the formula a® + b* = ¢?), links with emotions (anger about a bad mark received for a test on
the topic of Pythagoras theorem, a teacher’s pride of a successful lesson on the topic of
Pythagoras' theorem).

The different sorts of linkages define different reations on sets of mathematicad objects
respectively  between mathematical objects and nonmathematicd components, and thus
different network categoriess Man mathematicd network categories with reevance for
mathematics education in school are given by the following relations, each characterised by a
gpecia link category (see adso Brinkmann, 1998a, 1998b):

| Rdationsonaset M of mathematica objects (i.e. subsetsof M~ M ):
1. relation according to subject systematics (subject systematics link),
2. relation according to the application of mathematical objects (application link).

Il Reationsbetweenaset M of mathematica objectsand aset N of nonmathematica
components (i.e. subsatsof (M~ N)E (N~ M) ; these relations may be represented by
bipartite graphs):

1. modd relation (model link, i.e. link between a problem, anonmathematica Stuation
or one of its dements and a corresponding mathematicd model, or link between a
mathematica object and a nonmathematica interpretation of it),

2. culture redion (culture link, i.e link of a mathematicd object with non
mathematical culture),

3. mnemonic rdation (mnemonic link, i.e. link of a mahematical object with a mark
that supports its remembrance),
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4. learning method relation (earning method link: link between a mathematica content
and theway it was learnt),

5. emotion rdation (emotion link: i.e link between a mathematicd object and its
attached emotiona loading).

It is gppropriate to look upon the relaions on sets of mathematical objects, named under 1, in
a more detalled way, as each of the two reaions subsumes severd different relaiond
aspects. Thus we obtain for both, the subject systematics relation and the agpplication relation,
network subcategories, represented by subgrephs of the corresponding graph. Essentia
network subcategories are defined by the following reations respectively linking aspects:

1. Relations according to subject systematics

- different interpretations of the incluson reation (part-whole link, subset-superset link,
subconcept-superconcept  link, case distinction link, classification link,
characteristic/feature link (i.e. link between a characterigtic/feature of a mathematical
object and this object)),
relaion of deduction (deduction link, i.e. link between a mathematicd object and
another deduced from it),
relation of beonging (belonging link, i.e. for example link between a theorem and a
proof of this theorem, link between a problem and its solution).

2. Reations according to the application of mathematica objects

modd rdation (modd link, i.e link between two different mathematical representations

(for example geometric representation and agebraic representation) of the same

mathematica object, in order to get solutions for a mathematicad problem using

representationa change),

theorem relation theorem link, i.e. link between a mathematicd problem and a theorem

suitable for its solution), especidly

o dgorithm rdation (algorithm link, i.e link between a mathematical problem and an
agorithm suitable for its solution),

o rule rdation (rule link, i.e. link between a mathemeticd problem and a rule suitable
for its solution),

sequence relation eegquence link, i.e. link between two consecutive steps to carry out in

goplying an dgorithm).

The given caegory sysem for mathematicd networks redricts on man rdations of
mahematica objects with importance for mathematics education; and there are consdered
only reations that we become aware of. Nevertheless, the presented definition of network
categories hel ps us to make differentiate statements when analysing mathematica networks.

Graphical Representation of Mathematical Knowledge

When we want to andyse mathematical knowledge in its interreatedness it is gppropriate to
represent this knowledge in grgphs. Thus we need methods to trandform texts (out of
textbooks, or transcripts of interviews) into graphs (1), methods to put interrdated
contributions given in an interview, a discusson or a conversdion (eg. in mahematics
lessons) in a graphicd dructure (2) and further, methods to map out graphicdly an
individud’s knowledge of mathematicd networks (2. and 3.). Fundamentd methods for these
tasks are presented below.

Specid graphica representations of mathematical networks, such as ae mind maps
(introduced in 2) and concept maps (introduced in 3.), are not only suitable to andyse

10
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interrelated mathematical knowledge, but adso to learn relations of mathematica objects. A
short discusson isgivenin (4.).

1. Transformation of textsinto graphs

In order to transform a text into a graphicad Structure we have to find out a set of objects as
vertices, and their interconnections as edges (see aso Brinkmann 2001c).

Frg information about possble vertices may be obtained by looking upon man contents of
the contemplated text; concepts that name these contents are of centrd importance. In a
second step we may ask for the relations between these concepts that are shown in the text.
(For the sake of clarity a redtriction of the graphica representation on only a few reations is
as a rule recommended.) A network for example according to the subject systematics relation
results by the presentation of different subconcepts to a superconcept, by the presentation of
classficaions, case didtinctions, specid cases, by naming severd characteridtics/features of a
mathematical object, on the basis of deductions, by presenting proofs to theorems, solutions
to problems.

Afterwards, some of the vertices picked out a the beginning must probably be cancdled if
they are in no reaion of interest with the other vertices In addition the vertex-set must
possbly be completed with further concepts (for example when with regard to a case
diginction one case is missing). Proceeding this way a rdative completeness of the vertex-set
may be achieved and at the same time the relaions on the vertices are worked out.

Sometimes it is necessary to reduce the number of vertices to a defensible extend, and with
regad to claity in the graphica representation the number of vertices should not
considerably exceed 25. A reduction is possible by tanging the degree of resolution (Vester,
1999), or by removing some clusters of concepts with margina podtion and few links to the
res. It is obvious that a resulting grgph by this means can only partidly represent existing
networks and that the choice of the degree of resolution is decisve for how many details are
represented.

2. Mind Mapping — A Method for Taking Notes Graphically or for Providing
Information about an Individuals Cognitive Structures

Mind Mapping was firsly developed by Tony Buzan (1976, 1997) as a specid technique in
note taking by which ideas and concepts connected to a topic are displayed in a graphica
pattern, even more, in an atistic image. It shows al generated associations and idess related
to abasic problem (the topic of the mind map) in a sructured, well-ordered way.

A mind map is hierarchicdly sructured. The topic is placed in the centre of the map, for
every main idea linked to the topic there is drawn a line (man branch), directly on these lines
there are written keywords denoting the main idess. Starting from the main branches there
may be drawn further lines (sub branches) for secondary ideas (subtopics) and so on. The
order follows the principle: from the abstract to the concrete, from the generd to the specid.
In order to increese claity and to make the overdl view more convenient and better
dructured, colours are used when drawing a mind map. By addition of images, sketches,
symbols, such as little arrows, geometric figures, exclamation marks or question marks, as
well as sdf-defined symbols to the mind map, the map enhances, its content may be better
grasped and memorised, Single areas may be pointed out.

A mind mgp is dmilaly dructured as mathematics "Mathematics is often depicted as a
mighty tree with its roots, trunk, branches, and twigs labelled according to certan sub

11
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disciplines. It is a tree that grows in time" (Davis & Hersh, 1981, p. 18). Rdations between
mathematica objects may thus be visudised by mind mgps in an ordered way that
corresponds to the order in mathematics (Brinkmann 2000, 20014, 2001b).

2 bz P A ICS R [
a+b =c M
Ryr )
27 AN 4,,49 oL
GREEK <, A RIA~(LEE
Puy /\ T SE
Csomep /\ 0 PoTGNub,
P.VTA/‘,GO , 4 6L
S PYTH AGORAS 35 or sauAl

THEOREM

e ASVREMENT

ZURVEYING NicE TEACHER

Figure 2. Mind map on the topic of Pythagoras' theorem

As a mind map has an open dructure every new produced idea may be integrated in the map
by relating it to dready recorded idess. Thus mind mapping supports the naturd thinking
process, that goes on randomly and not in a linear way. The fact that a mind map is open for
any idea someone associates with the main topic, dso non-mathematica concepts might be
connected with a mathematical object (see fig. 3). Thus mind mapping alows to illusrate that
mathematics is not an isolated subject but is manifold reated to the most different areas of the
"rest of theworld" (Brinkmann, 2001a, 2001b).

A mind ma dawvn by an individud lets cognitive dructures become vigble Thus
information about wrong connections in a students knowledge may be provided. The method
of mind mapping can adso be usad to check the growth in a sudents understanding of a topic
when causing him to create both a pre- and a post-unit mind map (Hemmerich et d., 1994).

One of the disadvantages of a mind map is, that the indicated relationships between concepts
are not described in the map. Furthermore connections between the single complexes, every
built up by a man branch together with its subbranches, are as a rule not drawn. This
increases the clarity of a mind magp and contributes to its open dructure but makes its
representation of the existing relations to a topic incomplete.

3. Concept Maps— Special Graphsfor Visualisation of an Individual’s Declar ative
Knowledge

Concept Maps (see eg. Novak & Govin, 1984) are specia graphs showing the concepts
related to a given topic together with ther interrdations. The method of concept mapping
“has been developed specificdly to tep into a learner’s cognitive structure and to externdise
.. what the learner dready knows’ (Novak & Govin, 1984, p. 40), according to Ausube’s

12
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datement: “The most important sngle factor influencing learning is what the learner aready
knows. Ascertain this and teach him accordingly” (Ausubd et. d., 1980).

Concept maps ae, dmilar to mind maps, hierarchicaly structured, according to the
assumption that the cognitive representation of knowledge is hierarchicaly  sructured
(Tergan, 1986): the topic is podtioned at the head of map, the other concepts are arranged
beneath it on severd levels, the more inclusve, genera, abstract concepts higher, the more
gpecific, concrete concepts lower. Benegsth the last row some examples to the concepts
Stuated here may be noted. Concepts of different levels but dso of the same level are linked
by lines if they are rdaed in some way, every sngle reationship is described by linking
words written on the linking lines. Sometimes it is useful to aoply arows on linking lines to
point out that the relationship expressed by the linking word(s) and concepts is primarily in
onedirection.

Pair of Smultaneous
Linear Equations

has | describes

algebraic solving methods | 2lines
havein
common
adding equdization subgtitution
method method method
| | |
provide
solutions correspond points of intersection
have have
different different
Isthesame as

[number {numbe |

e

one no an infinity one an infinity
solution solution of solutions point point of points

corresponds to

Figure 3. Concept map on the topic of linear equations

Concept maps turn out to be a very suitable means to magp out an individud’'s declarative
knowledge of mathematicd networks, knowledge that serves as bass for a successful
thinking in mathematical networks. Though, the method of concept mapping can be used only
if one has got familiar with it and in addition it takes some time to construct a concept map.
Of course it is ds0 possble to transform any text to a specid topic into the specific graphica
representation of a concept map, if this particularly seems to be advantageous.

13
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4. Mind Mapping and Concept M apping as Efficient Toolsfor Learning Mathematical
Networks

The methods of mind mapping and concept mapping were not invented as educationa tools
but tuned out as beng vey eficdent for leaning knowledge networks especidly
mathematical networks (Brinkmann, 1999, 2000, 2001a, 2001b; Entrekin, 1992; Novak 1984,
1990, 1996; Malone & Dekkers, 1984).

Both, mind maps and concept maps, are graphical representations showing the relationships
between several concepts associated with a topic. As a graph is a pictoria representation it
may be grasped a once, and due to its unique appearance committed well to one€'s memory
and recalled fagter. The learning processis gpeeded up and information becomes long living.

Mind maps and concept maps show mathematical retworks in a well-structured way, and thus
help organise information. Ther hierarcchicd dructure goes conform  with  likewise
hierarchicd dructured knowledge, especidly adso with the dructure of mathematica
knowledge. So, relaionships between mathematica objects can be made visble, this in a
manner giving a dear and concise overview of the existing connectedness of mathematica
objects. This hdps to improve declarative mathematical knowledge of students, both when
presenting them a map and when asking them to condruct by themselves a magp thinking
about the concepts and rel ationships to be expressed and organised.

Mind maps and concept maps drawn by sudents provide information about the students
knowledge (see 2., 3. ). This helps the teacher to plan effective lessons by taking into account
what a learner dready knows. A dudent himsdf gets awareness of his own knowledge
organisation. Possbly wrong connections in a student's knowledge become vigble to the
teacher and can be corrected by him.

Further advantages especidly of mind mapping may be lised: Mind mapping uses both sdes
of the bran (Buzan, 1976), lets them work together and increases thus productivity. This is
reached by means of a specid technique: logical dructures are represented in a spatid image,
cregted in an individud artigic way. Thus Mind Mapping connects imagination with sructure
and pictures with logic? (Svantesson, 1992, p. 44). This might be of benefit particularly to
mathematica thinking, that goes off in both, te right and the left Sde of the brain. Pehkonen
(1997) dates that "the badance between logic and credtivity is very important. If one places
too much emphass on logicd deduction, cregtivity will be reduced. Wha one wins in logic
will be logt in credivity and vice versd’. The mind map technique that combines logic with
cregtivity and fogters the use of both sdes of the bran and ther interplay might thus be
profitable (see dso Kirckhoff, 1992, p. 2), especidly dso in mathematics education.

A specid advantage of concept mapping is, that cross-links are dlowed and demanded if
exigent, and that every reationship between two concepts is named by linking words. Thus
the representation of a mathematical network by a concept map is more complete and precise
than that by amind map.

As by means of both, concept maps and mind maps, an individud’s mathematicd knowledge
may gan more sructure and darity the individud’'s viewpoint on mathematics may become
more podtive. Furthermore, concept maps and mind maps endble students through their

2 The left side of the brain is mainly responsible for logic, words, arithmetic, linearity, sequences, analysis, lists,
whereas the right side of the brain mainly performs tasks like multidimensionality, imagination, emotion, colour,
rhythm, shapes, geometry, synthesis.

14
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visudisation to make the sudainable experience, that mathematics is not a collection of
isolated rules and facts but a network of ideas in which each idea is connected to severa
others. The authors of the Curricullum and Evauation Standards for School Mathematics
(NCTM 1989) “contend that the establishment of connections among mathematical concepts
enables students to appreciate the power and beauty of the subject” (Hodgson, 1995, p. 13).
Thus mind mapping and concept mapping may contribute to a change of an individud’s
bdliefs on mathematics giving them amore positive emotiond [oading.

Representation of Beliefs on Declarative M athematical Knowledge

The following proposal on a possble representation of beliefs ad beief sysems refers to
beliefs on mathematica declarative knowledge.

As dating point let us look upon the declarative mathematicd knowledge sysem of an
individual, or pat of it, represented by a graph which vertices are mathematical objects.
Bdiefs on the mahematicd contents represented by this graph are beiefs on the single
mathematicad objects, on dingle links, on links of a specid link category (on a reation), on
some network clusters built up by some densdy interrdated mathematica objects little
related with components of the rest of the network, on networks represented by subgraphs of
the viewed graph, or on the network to the whole graph.

An integration of beliefs to the graphicadl moddling of a mathematicd network is possble by
representing the mathematica network and the corresponding beliefs in two superposed
levds. Every representation of a belief concept might be coloured the same way as the
corresponding pats of the grgph to the mathematicad network. If represented beiefs
correspond only to single dements of the graph, these correspondences might be made visble
by linking lines, connecting the two drawn levels, that of the mahematicad network and thet
of beliefs.

The graphicd representation proposed above is not necessarily redtricted on knowledge and
beliefs of only one individud, it may represent dso common beliefs of severd persons to the
same part of their common declarative knowledge.

As bdief concepts ae by themsdves interrdaed, the resulting beief sysem to a
mathematica network might probably too be represented as a graph, that may be posed on the
level superposed to the level of the graph to the mathematica network. In generd, it can't be
expected a one-to-one correspondence between these two graphs because of the differences in
the features of beief sysems and knowledge networks (for digtinguishing features see for
exanple Abelson, 1979). But a grgphicd representation might help to compare belief and
knowledge systems, to see the differences between them.
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Dipartimento di Matematica, Pisa, Italy Dipartimento di Matematica, Pisa, Italy
Abstract

The necessity to clarify the ambiguous relationship between beliefs and attitudes has been
underlined by most researchers. In order to analyze theoretically this relationship, it is
necessary, in our opinion, to refer to an explicit definition of attitude. Indeed the construct of
‘attitude’, more than that of 'beliefs), is very ambiguous, and the term itself is used in several
studies with different meanings. moreover, researchers rarely explicit these meanings.
Among the various definitions of attitude, in this communication we will refer to the two
which are most used in mathematics education: according to the first (that we will call
'ssmple’), attitude is a general emotional disposition; according to the second (that we will
call 'multidimensional’) attitude has three components (emotions, beliefs, and behavior).

We will andyze from a theoreticad point of view the rdationship between bdiefs and
atitudes assuming these two definitions.  Findly, we will discuss the traditionad approach in
assessing and messuring attitude, and we will suggest that the ambiguity between beiefs and
atitudes hasits origin in this approach.

I ntroduction

In mathematics education the words 'beiefs and ‘dtitudes are often used as synonyms.
This ambiguity is not only a linguigic one, since it is often difficult to separae reseerch on
attitudes from research on bdliefs:

' ...we need to investigate the relationship between beliefs and attitudes. Are all attitudes also beliefs; if not,
then how do we distinguish those that are from those that are not? (Silver, 1985, p. 256)

'In the literature it is difficult to separate research on attitudes from research on beliefs.' (Mc Leod, 1992, p.
59)

'‘As aresult of these differing views of what the word attitude refers to, it is often difficult to establish a
writer's meaning when they are using the term attitude and beliefs.' (Ruffell et ., 1998, p. 3)
We agree with Pgares (1992), who clams:

‘A community of scholars engaged in the research of common areas with common themes, however, has a
responsibility to communicate ideas and results as clearly as possible using common terms. For these
reasons, it isimportant to use the terms consistently, accurately, and appropriately once their definitions have
been agreed on.' (Pgjares, 1992, p. 315)

Therefore we consider it important to analyze these terms more deeply, also in order to clarify the
relationships among the various affective factors:

‘More generdly, research in mathematics education needs to develop a more coherent
framework for research on bdiefs, their rdationship to attitudes and emotions, and ther
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interaction with cognitive factors in mathematics learning and indruction.” (Mc Leod, 1992,
p. 581)

How the various definitions of 'attitude' refer to 'beliefs

The definitions of ‘dtitude in the literature are various, dso with respect to the reference to
beliefs.

Some researchers identify attitudes with beliefs systems:

‘Attitude is an organization of several beliefs focused on a specific object or situation predisponing one to
respond in some preferential manner.! (Rokeach, 1972, p.159)

For others, beliefs are only one of the components of attitude:

‘Attitudes involve what people think about, feel about, and how they would like to behave toward an attitude
object.' (Triandis, 1971, p.14)

In some casesthere is no reference at dl to bdiefs:

'An attitude is a disposition to respond favorably or unfavorably to an object, person, institution, or event.'
(Ajzen, 1988, p.4)
In fact most research sudies about beliefs and attitudes avoid explicit definitions and settle
for operationd definitions (Kulm, 1980; Cooney et d., 1998). With regard to bdliefs,

Furinghetti and Pehkonen (1999) have done a deep andyss of different approaches to the
concept and of theoretica deficiences of belief research. Even if thar andyds points out the

exigence of different postions among the specidids it daifies dso some core dements
which dmogt dl specidists could accept.

For this reason in this communication our focus will be on the condruct of ‘atitude: this
construct seems to be per se a very ambiguous one (Kulm, 1980; Mc Leod 1987; Ruffell et
a., 1998). Among the various characterizations of attitude two are particularly popular in
mathematics education:

1. Attitude is a gened emotiond dispostion toward a cetan subject (Haadyna,
Shaughnessy J. & Shaughnessy M., 1983; McLeod, 1992).

2. Attitude has three components. an emotional response, the beliefs regarding the subject, the
intentiona behavior toward the subject (Leder, 1992; Ruffel et d., 1998; Grigutsch &

Torner, 1998).

These two characterizations are not in contradiction with each other. Most researchers assume
the first one as definition, and the second one as specification, since they accept that there are
three classes of responses dicited by attitude object: cognitive, affective, and behaviord.
However, since the instruments to use in order to assess or measure attitude can differ
according to the point of view (Germann, 1988; Eagly & Chaken, 1998), we prefer to
condder the two characterizations of attitude as different definitions we cdl 'smple
definition the former, and ‘'multidimensond’ definition the latter.

18




Current State of Mathematical Beliefs X

Therelationship between beliefs/ attitudes assuming the 'smple' definition
of attitude

In this case atitude appears to be the 'sum' of emotional responses to mathematics, and it can
develop from the automatizing of a repeated emotiond reaction to mathematics (Mc Leod,
1992).

Even if this definition does not meke explicit reference to bdiefs cognitivis psychology
highlights the deep link between an emotion, and the process of interpretation (and
evdudion) of the event which dicits the emotion itslf>. In mahematics education
researchers refer for the most part to Mandler's theory (1984, 1989). According to him, the
emotiona experience is the result of a combination of cognitive andyses and physologica

responses.

‘| have argued that on a majority of occasions, visceral arousal follows the occurence of some perceptual or
cognitive discrepancy or the interruption or blocking of some ongoing action. Such discrepancies and
interruptions depend to a large extent on the organization of mental representation of thought and action.
Within the purview of schema theory, these discrepancies occur when the expectations of some schema are
violated. This is the case whether the violating event is worse or better than expected and accounts for
visceral arousal in both unhappy and joyful occasions. Most emotions follow such discrepancies because the
discrepancy produces visceral arousal. The combination of that arousal with an ongoing evaluative cognition
produces the subjective experience of an emotion. | do not say that emotions are interruptions.
Interruptions, discrepancies, blocks, frustrations, novelties, and so forth, are occasions for ANS activity.'
(Mandler, 1989, p. 8)

Therefore it is not the experience itsdf that causes emotion, but rather the interpretation that
one gives to the experience. This interpretation is influenced by an individud’'s beliefs, dill,
beliefs play an important role aso in causing perceptive or cognitive discrepancies’ (Mandler,
1989; Mc Leod, 1992; Pgjares, 1992):

'First, the meaning comes out of the cognitive interpretation of the arousal. This meaning will be dependent
on what the individual knows or assumes to be true. In other words, the individual's knowledge and beliefs
play asignificant role in the interpretation of theinterruption' (Mc Leod, 1992, p. 578)

‘We also need to take into account the individual's attitudes and beliefs about the problem, because they will
interact with the expectations that will be developed and perhaps be confirmed or violated' (Mandler, 1989,
p. 16)
Mandler's theory explans the source of emotion, and highlights the role of evduative
cognition. If the discrepancy is caused by an unexpected success or falure, the evduation of
this discrepancy is the process of causdl attribution for success and failure (Weiner, 1986).

3 Theinteraction between affect and cognition has also a neurological basis: ‘Thereis apparently some
neurological basis for asserting a link between affective and cognitive aspects of human functioning. In his
paper , "Neurological Knowledge and Complex Behaviors*, Geschwind (1981) points out that "the portions of
the brain involved in memory functions, e.g. the hippocampus, amygdala, mamillary bodies, etc., are all portins
of the limbic systemwhich is clearly involved in emotional activities". According to Geschwind's argument,
affective stimulation may increase receptiveness to certain inputs and thereby affect cognitive functioning.'
(Silver, 1985, p. 253)

4 The link between expectancies and beliefs about mathematics has been underlined by Cobb (1986), who
highlights the importance of social interactions in children's reorganization of beliefs. But expectancies are
linked also with other kinds of beliefs, such as those related to the self-concept, for example self-efficacy beliefs
(Bandura, 1986).
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More generdly Ortony, Clore, and Collins (1988) describe ‘the gppraisd dructure, i. e the
sructure whereby emotion-inducing simuli are gppraised:

"...we discuss the macrostructure of the knowledge representation system that we assume in order to deal
with the appraisal issue. Thiswe call "appraisal structure”. (...) In some sense, therefore, people must have a
structure of goals, interests, and beliefs that underlie their behavior. It is in the éements of such an
underlying structure that value inheres, and it is the value associated with these elements, often inherited
from superordinates ones, that is the source of both the qualitative and quantitative aspects of emotion-
relevant appraisals.’ (Ortony et d., 1988, p. 34)

As a consequence they are able to develop a theory which differentiates the various emotions
according to their cognitive source. They disinguish three main types of emotions, which
they classfy asreactionsto:

- objects (‘atraction’ emotions. are dl vaiations of the affective reactions of liking and
didiking, and are influenced by subject's tastes; typica examples are love and hate);

- events (this is the class of affective reactions of being pleased and displeased: these
affective reactions are influenced by the subject's gods, typica emaotions are joy, hope, fear);

- agents ( these are affective reactions of gpproving and disapproving, influenced by the
subject's beliefs and va ues, typica emations are pride, shame, admiration, reproach).

From these three classes derive more complex emotions like anger, in which the reaction to
an unpleasant event is connected to a factor consdered to be responsible for this event.

The role of beliefs in the theory of Ortony et al. is crucid, snce beiefs influence affective
reections to agents, but they aso influence affective reactions to events, in that they influence
the subject's goas.

‘Ordinarly, one thinks of goals as having at least two defining characteristics. First, they are the kinds of

things that can be pursued. Second, they are the kinds of things for which one believes that one can develop
aplan for themto berealized." (Ortony et al., 1988, p. 40)

The drong link between emotions and beliefs is confirmed by experimentd dudies that
utilize or suggest drategies to change dudents bdiefs in order to modify ther emotiond
responses (Buxton, 1981; Zan, 2000). What seems to be crucid in these studies is the change
of sdf-efficacy beliefs, because they are deeply linked to motivational aspects.

The relationship between Dbeliefs / attitudes assuming the
‘multidimensional’ definition of attitude

In this case there is an explicit reference to bdiefs, but beliefs are not the only component of
atitude there is dso an affective component, and a behaviora one. Therefore the two
congtructs, beliefs and attitudes, can not be considered identical.

The relationship between beliefs / attitudes in the assessment and
measur ement of attitudes

As a matter of fact, most dudies on attitude avoid an explicit definition of the congruct. The
curious thing is that the instruments traditionally used in order to assess and measure dtitudes

do not vary according to the various definitions, and according to the fact that an explicat
definition of attitude is given or not.

The assessment of attitude in mathematics is done dmogst exclusvely through the use of sdf-
report scales (Kulm, 1980; Leder, 1985; Mc Leod, 1987), generadly Likert scaes. A number
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of such scdes have been condructed and used in research dudies. They are generdly
intended to assess factors such as liking / didiking, usefulness, confidence. For each factor
severd items are constructed.

But these items concern for the most part the assessment of beliefs such as 'Mathematics is
useful’, or 'Mathematics is easy’. In our opinion the use of items concerning only beliefs to
asess dtitudes causes the confusion between beiefs and attitudes that most researchers
highlight.  Furthermore this choice does not appear to be consstent with both definitions, for
different reasons. As regard the 'Smple definition, which emphasizes emotiond responses,
the choice of udng items only about beliefs does not take into account the emotiond
component. What seems to be implicit in this choice is the assumption that certain beliefs
dicit in dl individuds the same emotions but this assumption is questionable. For example
Aiken (1974) has underlined the necessity to condder two different scales for usefulness and
enjoyment, because the beief 'Mathematics is useful' does not autometicaly €dicit postive
emotions, such as enjoyment. Also as regard the multidimensond definition, the choice of
usng items only about beliefs gopears not consgent, dnce beiefs are only one of the
components of attitude: in order to assess attitude, we have to take into account the emotional
component too. Again, we can not assume that the emotiona response to certain beliefs is
the same for dl individuas

These problems are not completely solved aso when questionnaires use items both about
beliefs and about emotions. In fact in this case the researcher chooses some aress that ghe
believes to be important, and ghe invesigates some relaed beliefs and emotions. But this
investigation should take into account emotions as well as bdiefs.  Therefore it should take
into account the cognitive source of emotions, and the emotiona consequence of beliefs.

For example, the emotion 'l like mathematics can depend on different reasons, such as.

- 'l like mathematics, because of the calculation involved', or:

- 'l like mathematics because of problem solving'.

In our opinion attitude toward mathematics has to be consdered different in these two cases.
Smilaly, the bdigf 'In mathemetics there is dways a reason for every ruleé can dicit a
positive emation:

- ..and | likethis, or a negative one:

- ..and | don't like this.

Again, wethink it is necessary to digtinguish attitude in the two cases.

But overdl the use of thiskind of questionnaire leads to theoretical problems, like:

- The fact that beliefs (and emotions) to assess have been prdiminarly chosen and listed. In
this way respondents are forced to rate an attitude object on attributes that they may never
have considered ascribing to it (Munby, 1984; Eagly & Chaiken, 1998).

- The choice of the items related to those beliefs and emotions (Kulm, 1980).

- Regarding the emotional component, the difference between the opinion given about an
emotion and the emotion itsdf (Ruffell et &., 1998).

- Regarding the dimenson “beliefs’, the obsarvation of dngle beiefs rather than of  belief
systems (Pgares, 1992; Di Martino & Zan, to appear), and

- The mismatch between beliefs expoused and bdliefs in practice (Schoenfeld, 1989).

A multiple gpproach is needed in order to overcome these problems (Leder, 1992; Ruffdl et
a., 1998). This kind of gpproach is suggested however dso from the research about beliefs
(Pgares, 1992). But the traditiona approach in attitude research is more interested in the
measuring than in the Imple assessng of dtitude. Often atitude is defined through the
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ingruments used to measure it (Kulm, 1980). The most widdy used sdf-report procedure has
been Likert's summed-rating gpproach. This trangtion from assessing to measuring is a point
that distinguishes studies about beliefs from those about attitudes’. Moreover, this transition
is extremdy subtle and requires deep atention, paticulaly in the case of the
multidimensond  definition. Indeed in this case the attitude condruct is multidimensond, so
it can not be quantified with a single score. One can give a score for each dimensior? (beliefs,
emotions / and behavior). This is close to the origind idea that Thurstone & Chave (1929)
suggested. In the attaching of scores to the various dimensions a new problem is added to the
ones highlighted for the ng: the choice of the scoresto giveto the various items.

In our opinion this point is a very subtle one, in particular as regard the beliefs component”.
Sometimes the score is decided a priori. More often the items are previoudy vdidaed by
experts (see for example Fennema & Sherman, 1976). There is an implicit assumption in both
choices. that it is possible to attach a high score to certain beliefs. If the researcher himsdlf
decides the score, may be ghe refers to a possble corration with achievement, i.e. he gives
high scores to those items, that he consders typicd of high achievers, or he consders that
those bdliefs dicit afavorable digpostion toward mathematics.

If the items are previoudy validated by experts, the researcher chooses to give a high score to
those beliefs, which are typicd of experts.

But it is not S0 cler whether beliefs typical of experts exigt, and, if they do exis, what they
are: the findings of Mura (1993, 1995) and those of Grigutsch and Térner (1998) suggest that
there are severa profiles of experts, as regard their vison of mathematics. Therefore it is
necessary to make explicit which choice one assumes, because these three choices can lead to
very different results.  In our opinion this is one reason why dudies about the relationship
atitude / achievement give very contradictory results (Ma & Kishor, 1997).

Conclusions

The andyds of beiefs role in the two definitions of attitude points out that the role of beliefs
in 'atitude’ is a crucid one. But there is no confuson between bdliefs and attitudes in the
definitions tha we have andyzed, both the 'smple and the 'multidimensiona’ one. Therefore
in our opinion the ambiguity between bdiefs and attitudes, tha most researchers underling, is
not a direct consequence of the construct of attitude. There are severd reasonsfor it:

- the ambiguity in defining attitude, in particular the lack of an explicit definition to which the instruments used
to assess or to measure refer;

® Research on beliefs deals with problems that are different from those typical of research on attitudes. As regard
to attitude, typical research questions are: the relationship between attitude / achievement (and this can explain
the focus on measuring); the causes of the dramatic change of attitude toward mathematics from elementary to
high school. In particular explaining the difference between beliefs/ attitudesis not an issue in research on
beliefsasitisinresearch on attitudes. Inthe research on beliefs, amajor issueis the difference between beliefs
/ knowledge.

® However most studies that use a multidimensional approach to measure do not refer to the dimensions beliefs /
emotions/ behavior, but to other ones (s. Fennema & Sherman, 1976).

" Asregard emotions, the problem is not so complex, but neverthelessit is an open problem. One can give a high
score to ‘favorable' emotions, or to ‘comfortable’ emotions, or to emotions typical of experts (if there are typical
emotions), or to those emotions that are typical of high achievers (again: if there are such things astypical
emotions). Without preliminary studies, we can not say whether these choices are equivalent or not.
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- when there is an explicit definition (possbly implicit), the lack of coherence between this
definition and the instruments used to assess or measure;

- when an explicit definition is not given, the lack of clarity about whet is redly measured,
- the focus on measure, instead of on assessment of attitude.

But most of dl we believe that a quditative gpproach is needed, in order to ded with such a
complex construct (Kulm, 1980; Leder, 1992; Ruffell et al. 1998).

For example the use of essays, of diaries, of interviews, besdes structured questionnaires, but
dso the obsarvation of behavior in a naturd setting or in dructured sStuations, makes it
possble to take into account those beliefs and emotions which are sdient for the respondents,
and to capture the interaction between beiefs and emotions, that, in our opinion, is the most
sdient feature of the congtruct of ‘dtitude.
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Students' Needs and Goals and theair Bdliefs

Markku S. Hannula

University of Helsinki, Department of Teacher Education

Abstract

This paper elaborates on the nature of needs-goals structures and relates it to belief
structures. In mathematics class, student's needs for autonomy are served by understanding
and performance goals while social needs are ®rved by performance and intimacy goals.
Through two case studies the complexity of goal structures will be illustrated. One student
has mastery as her goal, and performance is an important subgoal for her to monitor her own
learning. Another student has performance as her main goal, and mastery is a subgoal to this
goal. Four other students goal structures are also outlined. The case studies illustrate the
usefulness of goals as a theoretical framework to be used alongside beliefs analyses. Case
studies also suggest a developmental trend towards mastery goals.

I ntroduction

Motive for many education researchers is change. How should we develop our educationa
system? How can we change teaching in schools? How can we help students learn more? And
how can we change students beliefs? Bediefs as obstacles for change have been discussed in
(Pehkonen, 1999). Since 1996 | have been trying to understand how students attitudes and
beliefs change, and how ther teacher can initiate and direct such changes. My agpproach has
been to focus on a smdl group of students, and to try to understand, in depth, their beliefs and
attitudes and the changes that take place (e.g. Hannula, 1997; 1998a, 1999, 2000, submitted).
Through those case-gtudies it became evident that emotions have a centra role in the process
of change. Furthermore, as emotions relate to god-directed behaviour, motivation became an
issue of importance. In a nutshdl: what Students want, has a dtrong influence on their
experiences - and what they experience influences their bdliefs. In this paper | shdl daborate
on connections between bdief Sructures and moetivational structures. The main pat of the
study will be the descriptive case studies of Marias and Lauras goa structures. Four other
sudents motivationa gructures will be dso outlined, and findly some conclusons will be
made.

Belief systems

There is no genera agreement on how to define or characterize beliefs or beliefs sysems
(Furinghetti & Pehkonen, 1999; see dso ther aticle in this volume). Therefore it is necessary
to define how beliefs are understood in this paper. The reader should be aware, that other
researchers might use same terminology with other meanings behind words. In present view
belief sysems are divided into three kinds of dements beiefs, vadues, and emotions. Bdliefs
are purdy cognitive, the persond knowledge concerning objects (eg. mathematics), agents
(eg. «f), and events (eg. falure). An important aspect of beliefs is expectations that one has
in different gStuations. Vdues are dso a cognitive dement, but of different kind. Vaues are
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the subjective evduations of different objects, agents, and events. Whereas bediefs have a
truth-value, vaues are essentidly normative and cannot be true or fase. Emotions are the
‘affective colouring' of different objects, agents, and events. Objects, agents, and events
aways asociate to emotions, which, however, can be of low intengty or completely neutrd.
Note, however, that there are aso Stuaionad emotions thet do not relate to belief systems
directly. Ingtead, they regulate god-directed behaviour. Associated emotions are automations
of dtuationa emotions, they ae faster but less adgptable to dtudtiond varidion. The
complex issue of emotions is eaborated more deeply e sewhere (Hannula, submitted).

Goal systems

Motivation is the answer to the question why people do what they do. In the literature (eg.
Ryan & Deci, 2000) one important gpproach to motivation has been to distinguish between
intringc and extrindc motivation. Ancther gpproach to motivation has been to diginguish
three motivationd orientations in  educationd seftings madtery  orientation,  performance
orientation, and avoidance orientation (e.g. Linnenbring & Pintrich, 2000).

In this pgper motivation is conceptudised through a dructure of needs, gods and means
(Shah & Kruglanski, 2000). Needs are seen as stable psychologica constructs, such as
autonomy (a need to sdf-determine own actions) and socid needs. Actions can be seen as
means to fulfil needs Gods may serve multiple needs, and same god may sarve multiple
needs. Furthermore, goals may be in a conflict, i.e. reaching one god could prevent one from
reaching another god. Shah and Kruglanski present only one leve of goas. However, | see
tha as pat of childs deveopment a complex network of gods and sub-gods evolves
between needs and means. The rdationship between goas and sub-gods is dmilar as the
relationship between needs and gods. There may be severd layers of sub-gods, but, in the
end, there are means that one sees as leading through sub-gods and gods to the fulfilment of
needs. In some cases the connection between needs and means may be quite smple. For
example, thirg (aneed) can be fulfilled by drinking (a mean).

In the context of mathematics education | will look at two kinds of needs. 1) student's need
for autonomy, and 2) student's socid needs (Figure 1). The need for autonomy can be served
by manly two gods underganding and peformance. Understanding meathematics gives
power to learn mahematics more independently. Furthermore, mathematical thinking can be
a powerful tool dso outsde mathematics class. Peformance in mathematics, on the other
hand, is required for many career choices.

Socid needs in mathematics class are served mainly by two goas peformance and intimacy.
Performance in mathemdtics is one way to gain gaus in the class it is a proof of smartness.
Hence, low achievers often try to attribute their failures to another, more acceptable cause,
such as lack of effort. Socid needs can be sarved dso through intimacy. Intimacy in
mathematics classroom means collaboration with teacher or peers in the spirit of empathy and
underdanding. This intimecy may teke place aound mathematicd idess, but off-task
socidisng may servethe god equdly well.

Students  different goas in mathematics class lead them to gpply different means. God of
performance may lead to more surface drategies for learning than the god of understanding.
Socid 'power gameé may dso impar group work, while gods of intimacy and underganding
may promote productive collaboration. In (Hannula, 2001) there are examples of how
sudents different gods influence their co-operative problem solving process.
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There are severd connections between god sysems and bedief sysems. The most
fundamental connection to my understanding is the vaues one gives for different needs. From
these values other vaues are derived. People have persond beliefs (expectations) about which
gods are accessble, which means will lead to which gods, and which goas serve their needs.
Stuationd emations have an important role in regulating human behaviour towards desired
gods. However, the automatic, associated emotions that are part of the beief sysem may
prevent flexible development of god gtructure. For example, if the use of own methods was
not accepted in primary school, those might have become associated with negative emotions.
Consequently, it would be unpleasant for the student to start devel oping own methods later.

GOAL SYSTEM

AR EMOHIONS

Independent Collaboration Cheting,

studying hiding failures
Explanation of symbols
> T e <> OO
Vaues Expectations Associations Needs Gods Means

Figure 1.Relationships between goal system and belief systemin the context of mathematics
education

M ethodology

This paper is pat of a three-year longitudind ethnographic dudy of one mathematics
classsoom. It is pat of a research project focused on the development of Finnish lower
secondary school pupils beliefs about, and attitudes towards mathematics (grades 7 to 9). The
project was directed by Dr. Erkki Pehkonen and has been performed in the Depatment of
Teacher Education a the Universty of Hdsnki (Hannula, Mamivuori & Pehkonen 1996;
Pehkonen, 1999). It was initiated in the autumn 1996 with two full-time researchers, and was

27



Current State of Mathematical Beliefs X

funded by the Academy of Finland. The ethnographic sudy was done in a Finnish lower
secondary school (grades 7 - 9). The schools curriculum had a specid emphass on ats. It
collected rddively large amount of high achieving (manly femde) students outdde of it's
own digtrict. This school was sdected as the setting for this research because of its convenient
location and willingness in this kind of cooperation. The research begun with two classes, and
gradudly focused on a dozen of students in one class. These students the researcher followed
through the whole period of three years. For two years the researcher taught mathematics for
their class, and on the third year researcher observed and/or video recorded severd of the
mathematics lessons. The sudents were interviewed twice each year, and severd informd
discussons provided further information. Furthermore, parents and primary school teachers
were interviewed. A research assstant observed severa lessons during the second year of the
sudy and shared his views of the students in the class. Altogether, the study provided a rich
data about students and aso deep tacit knowledge.

| have been inspired by enactivis methodology (Reid, 1996; Hannula, 1998d). What we, as
researchers, are able to learn is determined by our theories, beliefs, biases, and even our
fedings in the research dtuation. This methodology sees research as a learning process and
looks for ways in which the learning is least redtricted. It is not rigid, and it sets only a few
guiddines for the actud process. The two key features of enactivis methodology are "the
importance of working from and with multiple perspectives, and the cregtion of modds and
theories which are good enough for, not definitively of * (Reid, 1996, p. 207).

In my research | have gpproached the god of multiple perspectives in various ways. | have
tried to collect a wide rage of data Here, wide means a large variance, not only a large
quantity. The adoption of different models and theories has been another means for opening
new perspectives (for example, Hannula, 1997; Hannula, 1998a; Hannula, 1998b; Hannula,
1998c, Hannula, 1999; Hannula, 2001; Hannula, Submitted).

Data and results

Next will follow descriptions of Sx students motivationa dructures. The two first ones will
be presented in more detal and some ggnificat dements from ther interviews will be
presented to support the conclusons made. The four other students motivational structures
will be presented without the evidence from interviews.

Maria, enjoys math

Maria was a high achiever, and she wanted to be perfect in everything. At primary school she
had felt that it had been difficult to keep up the fast tempo that some of her classmates had
had. She dso had fdt that it had been difficult to avoid mistakes, even though she had
undersood what to do. She had been bored by cadculating long lists of routine tasks, and
preferred doing word problems. At grade 6 she had started to understand mathematics better,
had achieved higher, and had started to like mathematics more.

Maria had clearly a performance god in mahematics. She admitted it in an interview, and she
remembered till the joy for her first redly good performance:

"But usually | like tests, |1 have always liked. ... Some say that | am the kind of person who
likes so much to compete. ... Usually it's nice to show it, when you are good at something."

"...national math exams, and | had ... only few minus-points and compared with the average
level of the class, so then | was 'YES™
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She did not like group work, because she felt that the others didn't work as hard as she did.
Furthermore, when she worked aone, she got al honour for the resuilt.

However, Maria had dso a mastery god. She was chdlenged by more difficult problems
even when nobody would know about her performance. She was driven by a will to overcome
the challenges and she enjoyed especidly tasks where she could see their applicability.

"l do not know if that is allowed, but | do sometimes look the more difficult tasks' [while
others check homework]

If atask is not solved "can not go peacefully to sleep, because you still think how it would
go."

"l like [solving equations], because it feds naturd and purpossful when, for example, with
world problems you need to think and gpply, so it is not only that you move figures, but there
isapurpose. Such problem could exist in red life and so it isnot just caculations.™

Above, | have only presented a sdected sample of Marids interviews. That data aone would,
of course, be open to severa different interpretations. However, the interpretation that 1 shall
next present is supported by further data that cannot be presented due to space limitations.

My underganding of Maria is that she was, deep ingde, uncertain of hersdf. Therefore she
had a strong need of feding competent. Only through high competence she could fed hersdf
free to be sdf-determining. Her god in the math class was to learn and convince to hersdf
that she is inteligent and competent. As a subgod she wanted to monitor her own success.
Tests and chdlenging tasks were for her a way to convince that she is doing well enough. Her
god could be described as 'magtery through performance.

Laura

Our other focus student, Laura, had been a successful student in elementary school. There she
never had needed to prepare for mathematics tests, and it took some time (and unsuccessful
tests) before she redlised that in secondary school she needed to start working. She thought
that sudying mathematics was boring a times, but that it was nice in the class, when she was
able.

Laura had a mastery god to redly undersand mathematics, and this god she approached
often with her father.

"... al the interesting discussions that | have with my father, that why 4*(-4) is not, for
example, + 16 instead of —16. And about what is to power of zero, such really interesting
issues that | do not comprehend.”

However, for Laura, the understanding done is not enough, she needs to get aso praises for
her good performance.

"If you have been thinking yourself crazy and if you have got them right, so that makes you
feel real good except, if ... you have been thinking really hard, and ... the teacher does not say
‘Good!" either."

"Do you understand how much you lose your self-confidence when you think "Yes! | can do
this, | have learned something new' and then [the teacher says that] these were really simple"

Her best memoriesin mathematics were when she could outperform the others at school.
[The nicest thing in elementary school in math was to] "learn addition the first day ...
because | could do themall and it wasreal fun."
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Also more generdly, the 'power game was important for her. In her hobby she was proud and
happy for gaining a leading postion, and her rdationship with her younger brother was quite
different from Marias.

Laura Maria asked, the other day, advice for what to tell her younger brother, who alwaysis
depressing her somehow, saying things like 'I'm better in math than you'. And Maria asks
what she can do. | told her to grab him by his shirt tightly and yell: ‘I amyou elder sister! []
Maria maybe has not enough charisma to influence him.

Jus as with Maria, my interpretation of Laurds gods is only tentative, dthough it is
supported with further data that | am not able to present here. The need | see as dominating
Lauras behaviour in class is her need to gain socid datus. Math performance is one way to
show intdligence. For Laura, underdanding mathematics is only a subgoad to promote
performance. Undersanding mathematics serves possbly dso another need, to gan intimacy
with her father. Lauras approach could be described as 'performance through mastery'.

Next | shdl briefly describe the motivationad sructures of four other tudents in the same
class. Among these Aira was my specific favourite (as a teacher) because of her wish to
understand mathematics more deeply. She enjoyed doing and discovering mathematics. She
enjoyed mathematics lessons, because mathematica thinking had helped and was helping her
to make sense of the world around us. Thus the god she had for mathematics lessons was to
understand mathematics and with mathematics aso the world around us. The need that was
moativating her behaviour was autonomy. Interestingly, she darted to collaborate during
severth grade with Laura, but later changed to work with another student, whose needs-gods
structure was more like hers.

Sai was a dudent with clear mathematics anxiety. Her god of avoiding mathematics became
most evident in the inteviews. She answered only briefly about mathematics and kept
changing the topic to smdl tak and joking. She described mathematics with negative
emotiond terms and a some point she confessed that mathematics lessons, and even the
interview about mathemdtics, gave her - literdly - headache. Furthermore, she did not arrive
to our last interview: three times we agreed upon a time to do the interview, but she did not
arive. In the cdasssoom she had a tendency for off-task socidisng. Among friends she was
regarded as 'not very bright', and this was a problem for her. Her avoidance behaviour was
sarving the need to have a higher status among friends.

Helena was a student who was aso anxious about mathematics and had low achievement.
Unlike Sari, she dways behaved wdl in the class and kept on working on mathematics tasks.
She fdt that she was missng something that was essentid for learning mathemetics, but in
the same tame, she didn't want to accept being stupid. In her case | see two gods that serve
different needs. On one hand she wanted to avoid public falures for socid needs. On the
other hand she wanted to understand mathematics dso to prove hersdf that she was not
supid. Her need behind this goal was to keep a postive sdf-image, which is a necessary part
of autonomy. These two gods were gpproached using different means. She worked hard, and
put huge amounts of effort to learn. However, this conscious god was confronted by
unconscioudy activated avoidance behaviours. She was so anxious tha it impared her
thinking and often she was ill the days when we had mathematics tests. Elsewhere (Hannula,
2000) there is a more detailed description of Helena

The lagt student to be described here is Rita Her case is especidly interesting, because she
went through a subgtartiad change in her rdaionship to mathematics. At the beginning of
seventh grade she did not like mathematics a dl, and she thought that it was usdess in life
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(except for basc aithmetic). Before the end of the school year she had darted to like
mathematics, because she had been understanding it more. Previoudy | have reported her
case just as a naraive sory exemplifying the possbility of change (Hannula, 1998a, 2000),
from a perspective of menta representations (Hannula 1998c), and through an andyss of
different aspects of attitude (Hannula, submitted). Here, the change will be described from a
point of view of her gods In the fird phase, she disvdued the gods of underganding or
performing in mahematics, and dated that mathematics is not important (especidly those
things that she did not understand). One reason for the disvaluing was that she did not believe
those goals to be accessble to her. She did, however, have a performance goa in her hobbies.
Later, two smultaneous changes altered her gods in mathematics class. In one mathematics
test she peformed wel, which changed her beief about the accesshility of performance
gods in mathematics. She became dso aware about the agpproaching selection processes for
future career, and became worried about her posshilities. This made the performance god in
mathematics more important than before. Thus the performance god in mathematics became
both accessble and important for her. Undersanding mathematics was a subgod for
performance.

Some conclusions

As a gengd finding it should be noted that there is great variation in goa <Structures and
despite my initia hopes, goas do not provide an easy way to classfy students. As it became
evident in cases of Laura and Maria, peformance and mastery are not gods that would
exclude each other - whichever was the main god. There seems to be a developmenta trend
towards magtery gods (Maria and Airi developed clearly to this direction, and aso in cases of
Laura and Rita there is some evidence of this kind of development). However, we do not
know if this is a generd developmenta trend or due to teacher’s efforts to promote such
orientation. This development towards mastery goads seems to co-evolve with a view of
mathematics as a sense-making activity. As an unsurprisng finding we see tha avoidance
goas occur together with abelief of sef as untaented in mathemétics.

As an overdl concluson we can say that looking a students motivations through their gods
and needs gives a deeper understanding of their beief structures. Especidly the primecy of
performance orientation explans some vaues sudents give for different teaching methods.
Changes in god dructures can, a least in some cases, explain the changes that students have
in their beief dructures. However, god dructure is not any Smpler dructure than belief
dructure and it seems to be necessary to examine both systems to understand al aspects of
ether of the systems.
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Changein Preservice Teachers Conceptionson
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University of Lapland, Finland

Abstract

| study those changes that occurred in the conceptions on mathematics teaching and in the
teaching practices of preservice teachers in the second year of teacher education. The
following factors play central role in the process of change: guidance from class and
didactics lecturer and from the other students teaching in the same class; a change of
perspectives or roles; reflection on the experience of teaching; the change that occurs in
teaching other subjects and working with recollections. The meaning of the recollections
(memories) of mathematics teaching during their own days at school is important: If a
student reflects personal negative memories, he or she enters into a dialogue with his or her
former self and may redefine his or her mathematical past in a more positive manner than
earlier.

The aim of the study

“My lesson got better the whole time towards the end, the more | gave the pupils the opportunities to try and
| did’t just persistently speak and the pupils listened.”

(from Eva steaching portfolio)

| have guided preservice teachers to teach mathematics for severd years. In my dissertation, |
examined the kinds of recollections preservice teschers had of mathematics teaching during
their own days a school and the meaning of recollections in their conceptions of teaching
mathematics (Kaesla 2000). | shdl limit this atice to my dudy of those changes that
occurred in the conceptions and in the teaching and to an examination of the ggnificant
factors in this process of change, during the teeching practice that was organized in
November in the second year of teacher training. It was then that the great mgority of the
Sudents taught mathematics for the first time. | studied the practices of teaching because,
according to earlier studies, a change in conceptions did not necessarily mean a change in
teaching practices (Vacc & Bright 1999).

Theoretical Framework

| emphasize the Sgnificance of socid interaction in the devdopment of sdf: the individud
becomes an object through another person (Mead 1962, 139-140). In applying the thoughts of
symbolic interactionism, a student can use his or her earlier experiences of mathematics to
define the presert and to direct his or her activities in mathematics it is then that earlier
modes of experimentation change through new experiences and perspectives. The theories of
socidization help us to see how forcefully the professond development of a student class
teacher is linked to tradition: a student’s persond recollections of school and teacher training
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are dandardizing factors, which often meke any attempt a reform ineffective (Brown &
Borko 1992, 221-227).

In my sudy, | agoply the knowledge of didactics and of learning theory to teaching
mathematics. | emphasize the links between teaching, studying, and learning: teaching does
not dways guarantee learning, and the persona intentions of a teacher can play a centra role
in the process of teaching, studying, and learning (Uljens 1997, 34-40). According soso-
condructivisic learning theory | emphasze the coordingion of sociologicd and
psychological perspectives and the focus is in the microculture of loca classsoom: in the
interaction between pupil’s informd mathematics and culturdly oriented mathematics, in
language games, negotiations and shared mathematical meanings (Cobb & Bauersteld 1995).

| define conceptions as “cognitive congdructs that may be viewed as the underlying organizing
frames of concepts’. The character of conception is metgphorica. (Ponte 1994, 169.) Beliefs
ae pesond ’'truths held by everyone deriving from experience or from fantasy, with a
grong affective and evauative component (Pgares 1992). According Clandinin image is one
mode of persona knowledge, which connects person’s past, present and future. Image smelts
different persond and professona experiences of individua and it has emotiond and mord
dimensions. (Clandinin 1985.)

The emotions of a student are centrd to underdanding his or her activities in mahematics.
Mandler defines emotions as conscious congructions, the origin of which is both physica and
mentd. They are usudly subjective and Stuation specific: the individud defines their source
and 'sdects a suitable emotion. (Mandler 1989, 57.) The fear of mathematics is an extreme
d9gn of amathematics-related emation to which strong anxiety is often related.

Collection and Analysis of Data

My research is a case study and, in a limited manner, it fdls within the sphere of biographica
research. The research included 60 preservice teachers in their second year of sudies in the
Faculty of Educetion a the Universty of Lapland (Finland). Based on a questionnaire and
usng discretion, | sdected 14 dudents for more exact monitoring during their teacher
training. My research data included interviews conducted in three phases, and portfolios that
were prepared based on ther experiences in teaching mathematics during ther teaching
practice. On ny initid descriptions of the cases in question, | sdlected Sx different sudents
and made a mathematical biography of them. | paid paticular atention to the significance of
their school-time recollections in the formation of the conceptions and teaching practices for
teaching mathematics. | used naratve and phenomenogrgphica anadyss as my research
methodol ogy.

There are two broad ways in which people organize and manage their knowledge of the
world: logicd-scientific thinking and narative thinking: the fird seems for tregting physica
'things, the second for tregting people and their plights (Bruner 1986, 1991). Narrative is a
dory, which congst of a beginning, a middle point, an end and a plot (Polkinghorne 1995).
“By means of the plot, gas, causes and chance are brought together within tempora unity of
a whole and complete action. It is this synthess of the heterogeneous that brings narative
close to metgphor. In both cases the new thing - the as yet unsad, the unwritten - springs yp
in the language (Ricoeur 1983, ix).”

| applied naraive anadyss, which indudes influences from the so-caled methodology of the
account of change, to the students interviews and to the contents of the portfolios in ther
Hdf-evduation of their lessons (see Harré & Secord 1972; Laitinen 1998). For each student
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belonging to each different type, | formed an account that brought forth how the student had
built his or her mathematicd past and what she or he had learnt from earlier experiences of
teaching during teeching practice. | filled the gaps in the accounts during the next set of
interviews. Findly, we discussed the accounts: the students read their accounts and assessed
how well they corresponded to events.

In my andyds of the interviews and portfolios, | attempted to recognize those parts of the
materids that appeared to be dgnificant to the conceptions of the student. | aso pad attention
to the language used by the student, including his or her method of narration, vocabulary, and
use of metaphors. Accounts are not direct copies of our experiences, rather, in one way or
another, they are relevant to our experiences (Barthes 1988, 130). | examined the breaks and
continuance in the content of the accounts some bresks can rdae to dgnificant points of
change. | attempted to find the centrd epochs and the most sgnificant people as well as to
andyze their meaning for the conceptions and teaching practices of the students.

And what is the conceptud rdationship of a student or teacher to his or her teaching
practices? According to severd studies, a change in conceptions requires a change in teaching
practices (Thompson 1992) and it is only & the lower level of comprehension that the order
can be the opposite (Franke et a. 1997). Some researchers believe the rdationship between
conceptions and teaching practices to be interactive: new conceptions such as the nature of
the pupils mathemaicad thinking form the foundation from which teachers gan new
perspectives for ther thinking and teeching practices (Goldsmith & Schifter 1997).
According Senger’s (1999) study the change process varied from teacher to teacher and
involved recursve thinking: it was not alinear movement from previous to next stage.

Results

The research gives hints to how the recollections of presarvice teachers have a centra
ggnificance to the images pupils have of mahematics itsdf, of the teaching of mahematics,
of the role of a sudent in a class. The dignificance of recollections was apparent, for example,
in how the students narrated their stories, in their images and metaphors.

Many dudents that had <studied the wide mathematics course a high school, and had
succeeded well it in, had a pogtive image of mathemaics and the mathematics teachers in
high schools, which appeared to have a grest Sgnificance in the formation of the conceptions
of the nature and teaching of mathematics for the students in question. In recaling events at
school as favourable experiences, they occasondly used indirect narration, where they were
the leading characters and heroes in the accounts and a meaningful person for them (eg.,
father or teacher) was the dtoryteller. However, severd of those students that had sdlected
genera dudies in mathematics and who had performed poorly or farly poorly, had an
oppressve image of mathematics and its teachers. They used metaphors about mathematics.
“I dropped off the cart,” a frightening ‘spectre’, and being on the outsde. It appears that the
dominant atmosphere in the class has had a centrd sgnificance in the sSudents’ images.

At the beginning of the teaching practice, severd of those sudents that had completed
extensve dudies in school mathematics held partialy teacher-centred lessons. For some,
pupil-concentricity dso remained quite low in later lessons. they consdered the matters to be
taught as sdf-evident for themsdves and did not think about the teaching content very much
from the perspective of the pupils There were dgnificant changes from teacher-centred
thinking and activities to pupil-concentricity for some of those that had completed extensve
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dudies in school mathematics (see Eva's sdf-evadudion in the beginning of this atice). In
the process of change, the meaning of class lecturer was very important.

Some of the students that had sdected generd studies in school mathematics and who had
performed poorly or farly poorly redized partia pupil-concentricity, partid teacher-centred
lessons in their teaching practice. In their teaching practice, these students were able to turn
ther negaive memories into podtive action by thinking how teaching fdt from the
perspective of the weaker pupils. During ther teaching practice, the students also gained an
indght into how the contents of mathematics can be related to the pupils world of experience
and to gtuations in ther daly lives. The students in question dtated that they had experienced
the tesching practice for mathematics as podtive, their conceptions of themsdves as
mathematics teachers had dgnificantly improved, and dso their fear towards teaching
mathematics had dissppeared of was dgnificantly reduced. Smilarly, they defined ther
success in mathematics in a new way. In examining the sgnificance of recollections, playing
a rode and ganing an indght into the role of pupils aose as the core concept in
comprehension and the practice of teaching.

For most sudents, the conceptions of teaching mathematics changed comparatively from a
satic and teacher-centred perspective towards a more dynamic, pupil-centred conception, but
the degree of change varied sgnificantly for each different sudent. The grestest differences
gopeared in teaching practices some dudents clearly changed their teaching practices
towards being more pupil- and problem-centred;, some changes were smdler or they smply
did not occur.

In the following example, | shal examine Anna's process of change. She cryddlized her
recollections of school, especidly the traumatic ones, as follows “The word 'mathematics
makes me tremble’. Before her teaching practice, her conception of hersdf as mathematics
teacher was, in the metgphor of Hamlet: “To teach mathematics? To be or not to be, that is
the question.”

After her teaching practice, Anna's metephor for mathematics teacher was a ’'trave guide.
Empheszing pupil-centricity crystdlized in a metaphor for drama “It's important that pupils
play the man role during the lesson.” She dressed indght into the postion of pupils and,
even with respect to other matters, accentuated the viewpoint of the pupil. After her teaching
practice, Anna Smplified her conception into the following metaphor: “I think doing a task in
mathematics is like a locked door - everyone, in one way or another, tries to find his key to it.
There are many keys to open the lock. It's not just one key that will do the job.”

In my study, the following factors play centrd role in the change for preservice teachers (1)
guidance from class and didactics lecturer and from the other students teaching in the same
class. didogue and shared meanings between sudents, between students and pupils and
between teacher educators (class and didactics lecturers) and students can be significant in the
cregtion of change; (2) a change of perspectives or roles (Huinker & Madison 1995;
Pehkonen & Torner 1999), in which a student focuses his or her man atention on pupil
thinking about mathematics or student tekes the role of a pupil and examines activities from
this perspective;  (3) reflection on the experience of teaching: for example, reflective writing
inaportfolio; 4) use of concrete materias (Lindgren 1996, 1997).

In my research, one central factor of change was (5) working with recollections: If a student
has negative recollections, sdf-eteem may grow when he or she understands that
mathematics-rated learning difficulties do not dem from a deficiency in on€s persond
abilities (Carroll 1994), which cannot be influenced. Rather, these difficulties a least patidly

36



Current State of Mathematical Beliefs X

gem from the teaching methods or the atitudes of the teachers towards the student during his
or her time at school. If a sudent reflects persona negative recollections, he or she enters into
a didogue with his or her former sdf and may redefine his or her mathematicd past in a more
podstive manner than earlier. This can be dgnificant in the fact that the Student becomes
interested in improving his or her control of mathematics. Working with recollections can
ds be dgnificant if they are podtive By ligening to the negative experiences of other
dudents in mahematics, successful sudents may begin to think about their recollections,
conceptions, and activities from a new perspective. In addition, becoming familiar with the
thinking of the less successful pupils in mathematics in the practice class may be sgnificant.
For many students, (6) the change that occurs in teaching other subjects aso supports change
in the teaching of mathematics.

Cultural Environment

Vision
Reflection / \Reﬂectim
Perturbance Commitment
Reflection

Figure 1. Framework for Teacher Change (Shaw, Davis & McCarty 1991)

In part, the results | have obtained support the cognitive framework for a change in a teacher
(FIG. 1). According to this framework, change can occur if the teacher experiences a
cognitive conflict or perturbance in his or her thinking and teaching practice ad if he or she
has done commitment, which is persona decison to redize the change as a result of
perturbances (the preparedness to change) and persona vison of what mathematics learning
and teaching should look in their own classes. (Shaw et al. 1991.) The cognitive framework
is, however, rather narrow, neither does it sufficiently emphasize the sgnificance of affective
and socid factors. In teacher education the community, which condst of teacher educators,
sudents and pupils, has important role. Indructional change is demanding and risky. The
teacher educator does not take the risk, but individua teacher student tekes it (Campbdll
1996). In the relationship between teacher educator and student one important principle is the
ethics of care (Noddings 1995): In modeling we demondrate our caring in our relaions with
dudents. In didogue we engage our Sudents about caring. In confirmation we identify
sudent's better sdf and engourage its development. In this process, continuity and trust are
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very important. (Noddings 1995, 190-192) A sudent should aso be able to tolerate the
uncertainty that accompanies that change.

| have atempted to improve the plaushility of the narative andyss by describing student
cases in detall (Riessman 1993), so tha the voices of those interviewed would be sufficiently
rased, and by emphaszing the ability of the narative to explan (Conndly & Clandinin
1990), in other words by congructing a plot in the life of each student that brings together the
central experiences related to mathematics. Who other than the student could best evaluate his
or her life story? For this reason, each student read and then commented upon his or her
persond description of events. | dso compared the language and vocabulary used by a
sudent before and after his or her teaching practicee My am was for the reader to reach
conclusons based on the condgency of interpretations. Therefore, | raised the contexts
related to the interpretations produced by the sudents. Because a cultura account is
ggnificant in the recollections of a student, the recollections of one€'s own days & school do
not directly describe the redity of what happened. Rather, the student examines past events
from the perspective of the current Stuaion: when reating a narative, it is known; how it
will end and the narration is proportioned accordingly (see Schiitze 1984, 108). Afterwards
many students create coherence to the earlier events of their lives (Linde 1993).

Conclusions

How should teacher training be developed in order to promote change? There is reason to
further individudize the guidance for teaching prectice, so that the indructors for teaching
practice could become more familiar with the school-time recollections and earlier teaching
experiences of a dudent. Students do not sufficiently know the thinking dStrategies of pupils
when they begin to hold lessons during ther teaching practice. The guidance given by class
and didactics lectures could pay more attention to differentiating learning, to the use of
models for guided reflective discusson, and to the andyss of the events during a lesson
through the conceptions of educational science.

According to my sudy, the fear of teaching mathematics experienced by many students can
be reduced. Such sudents should be offered opportunities to talk of their school-time
recollections and, a the same time, to share those experiences with other students. If a student
remembers his or her past in mathematics as one of modly falure and if he or she sesonly a
future threat in mahematics then that student will unconscioudy interpret mathematics from
the perspective of a tragic tde in his or her life. When a student reflects on the events relaed
to mathematics in his or her life and percalves that the interpretation can be changed, it frees
him or her to seek new perspectives to the past and future of mathematics.

My intention is later to andyze how the dudents described in this study develop as
mathematics teachers in the last teaching practice o years later. It shdl be interesting to see
how permanent the changes are. Sztgin (1997, 211) judtifiably emphasizes that the conceptua
change rdated to the teaching of mathematics is ill insufficient. Rather, what is needed is
adso achangein the way the teacher sees the world from a broader perspective.
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Misconceptions around Matrix Multiplication and their
Correction in Dialogue with CAS

Wolfgang Lindner

University of Duisburg, Germany

Abstract

A long term research at the University Duisburg, Germany, studies the impact of CAS on the
belief structure of high school students and on the development of conceptions and skills of
Elementary Linear Algebra. The design of a Digraph-CAS-Environment (realized in MuPAD)
is shown, which represents e.g. airline connections in an informal-visual way. The usual
matrixoperations on the quadratic adjacency matrices are introduced and programmed to
enhance understanding. Afterwards the extracted concepts and intuitions are transferred to
rectangular matrices and the effect of this singular local perturbation of the individual
knowledge net is studied. We compare the handling of misconceptions by the students with
and without CAS,

Keywords: belief structure, Linear Algebra, misconceptions, semiautomatingeducation

A long term research a the Universty of Duisburg, Germany, sudies the impact of CAS
(Derive, MUPAD) on the belief gructure of high school students (base course, GK-12) and on
the development of fundamenta concepts and skills of Elementary Linear Algebra, which are
based on the universa concept of marix and the correspondent operations. Specia
condderaion is given to animated visudizations and agorithmic semiautometions.

Focus of case study and methodologic-didactic framewor k
Some research questions are:

How to develop central basic concepts (i.e. concept of matrix) and key methods (eg.
GAUSSan dgorithm) of Elementary Linear Algebra (eLA) usng learning environments with
integrated CAS dressng informa-visua representation/argumentation and an  dgorithmic
constructive genesis of concepts? (aspect of cognition)

How does the “mathematical belief sysem” eg. the episemologica worldview and the sdf-

concept of the students in such rich CAS-supported learning environments change (in short:
CAS-LE)? (Baumert & al. 2000, val. I, p. 234 ff.) (aspect of beliefs)

Which impact does such a CAS-LE as a didactica tool have on the patterns of argumentative
reasoning, explorative leaning or problem solving behavior and the formed <kills and
abilities of the students? (processua aspect)

The research gtarted in 1999 in the form of a case sudy and will last until the End of 2001. It
is planned to use quditaive methods of Interpretative Ingruction Research to andyze the
process of making sense in CAS-LE on the bass of transcripts of audio recordings. To
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andyse the bdief dructure the questionnaire of Torner/Grigutsch (Baumert & d. 2000) is
given to the students in the beginning and at the end of the Study.

The cooperative CAS-LE ae huilt as moderate condructivisic learning Stuations. authentic
rich problem/reference contexts, confrontation with learning obstacles to invoke mistakes,
misconceptions, conflicts or  surprisng  outcomes ae  essentid  desgn  components.
Autonomous flexible knowledge condruction is dressed usng multiple forms  of
representation of central concepts: this way we respect the recommendations of US Math
education reform, the so-cdled Rule of Four [Five, wL]: (re)present every topic numericdly,
grephicaly, andyticdly (dgebraicdly), descriptively and CAS (usudly dgorithmic)[wL].

The Digraph-CAS-LU

Sating in eLA the fundamentad concept of matrix as operator “[::]*..” "functiona aspect”
(Tdl & d. 2000) was focused usng Input-Output-problems such as trangpostion matrices,
LEONTIEF-Moddl  matrices and Smultaneous polynomid  evduation. From  such
condderations the concept of matrix multiplication was extracted (cf. Fletcher, 1968 or
Laugwitz, 1974)*

The Digraph-LE is one of four® centra CAS-LE in this eLA (lagting some hours), where the
Sudents should form those skills, which are necessary for a competent successful use of CAS.
In the DigraphLE there is a frame switch to a more datic point of view on the concept of
matrix as object “[::]” (figure table): as context of reference we take a distance table of
towns in Sdly/Italy to deepen the concept of matrix and to introduce the corresponding set of
elementary matrix operaions. Digraphs (i.e. directed graphs), quadratic adjacency matrices
and digraph-operations abdtract this modd stuation of a symbolic ‘town map' with 4 linked
gandpoints A, B, C, D dlowing different interpretations as bus-, train net, etc.

A O

- O O
Tl
SRR

Figure 1. Digraph and associated adjacency matrix M with O/1 entries to represent
"..linked/not linked..". The entry M12=1 isinterpreted as'Aislinked toB' and entry M34=0
isinterpreted as'Cisnot linked to D'.

Besdes the interpretation of addition, subtraction or multiplication (folding') of matrices in
this context the interpretation of repeated multiplication M":=M*..*M (n times) of the

! Fletcher (1968, p. 167) wrote: "But at the same time the problem must not seem trivial, and there must be room
for experiment, for different strategies and preferably for more than one accepted solution. In current English
jargon the problem must be open-ended."

2 The other CASLE are agraphical visualization of GAUSs-Algorithm (presented also as CAS-game; inclusive
concept of inverse matrix), under-determined linear systems and the concept of orthogonality (vialooking at
the solution sets of homogeneous linear systems) and over-determined L S and the concept of pseudoinverse (for
the solution of regression problems)
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adjacency marix M of a digraph by itself is especidly interesting: the exponent n measures
the length (=number of edges) of a path and the (nonreduced-to-0/1 ‘weighted) matrix entry's
itsdf gives the number of the paths joining two podtions. So we didilled the concept of a
"pathr-matrix” path(M):=SM' (i=1..n, n = number of rows of M), which is a meaningful
operation, but hard to cdculate by hand (iterated multiplication and addition); the students
srongly fed the usefulness of a CASin this situation.®

First results of research

The condructed individua nets of knowledge of the students, which were build around the
digraph-CAS-LE, were then didurbed by a singular perturbation to initiste a learning
progress. therefore the following problem set was given first to a group of 28 students of both
genders in the form of an assessment (ca 40 min. time every student Stting aone; without
CAYS) and then to a group of 26 students in cooperative work usng CAS as an expert system.
The perturbation consgted in the fact that instead of (mostly) quadratic now rectangular
matrices were consdered; so the order of the operands and the possibility to get a result was
explicitly problemized:

Task (for the second group; for the first group thistext was dightly modified.)

Here are some matrices:

0 —1
3 2 1 c=|2 3
A:D -2 1 B=1_1 —3] —4 5
1 1 3
3 3 1 4
E=|2 F=|-6 -2 0
p=[2 -1 g gl 1 5 8 -7

Solve a) to e) first without CAS. If in your opinion it is impossible to obtain a result,
write down your arguments. After that repeat or, respectivly, control your calculation

using CAS . (*: matrixproduct; "." : elementwise product)

a) A+B; B-2A; A+C; A-D b) A*B; A*C; A*E, A*F

c) AA; A2:=A*A;  F2:=F*F d) D*E; E*D  e) (A+2B)*C

3 In contrast to atraditional CASfree consideration we gain a constructive runable concept of a pathmatrix,
realized in CAS MuPAD as aone-liner, path:=(A)-> plus(A™i $i=1..linalg::nrows(A))
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Here are some examples of typical argumentation patterns of the students

..without CAS:
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Conclusion: epistemological obstaclesin Elementary Linear Algebra
The following table Tab.1 shows some results; we see that

the asamilaion of the individua knowledge net was normdly not successful in an isolaed
assessment Stuation without CAS; instead

the students react with a drategy of permanence (,lazy knowledge', i.e. “bordering with
zeros’, “trangposing before’) or unreflected mechanicad rgections (i.e. “not possble’) in
specid-case dtuations such as (D*E; E*D); spontaneous trandfer (i.e. ,* is not commutative
for matrices’ D*E * E*D) was seldom observed,

impressive learning obstacles/blockades with respect to the matrix multiplication were
identified a the surprisng magnification (“dyadic product”) resp. drinking (“scaar
product™) of output with respect to input (cf. problem d)

mxn-type-obstacle with respect to addition, if the matrix isno longer of quadratic form.

Table 1. Students solutions of the given problem.

EAr | B6 | BB [ 29 [45 |46 | 25|32 [B1 | BY| BT |83 [3H ] 14 29
EAFl 4 | 11 61|54 |54 61|67 |32|11]32|0 54|79 45
PAr 100 90 [ 50 [ 90 ) 80 | 50 | 60 [ B0 | B0O| 50 | S0 [ 6O | 40 a0
PAF| O O [sO0)p10)p10p20020 0200100200 ] 0 (10 a0
CAS r 100 100 | 100)100{ 90 ) 80| 70 |90 {qe | 60 (90| 70| 6O a0
CAS Fl O 0 gjofojpolo]ofeoptogpopol]n 0

EA: (N=28) individual work in assessment, ca. 40 min; PA (10 PAirs, N=21)
coop. partner work without CAS in PC-room, 40 min.; CAS. PA with CASin
same group; n.i. = not implemented.

Missing parts are based on missing answers from the students.

Group discussion in PA (=cooperative) phase leads to ,, voted”, harmonized
true/false-results.

The mxn-type-obstacle was found most virulent in individud work (EA), wheress
spontaneous learning processes reduced this type-obstacle within the CAS-phase (i.e. A+C
® A-D); thiswas not observable in CAS-free cooperative work

So we can argue tha the interactive didogica smdl group discusson in CAS-LU usng CAS
a an expat sysem crucidly supports the overcoming of epistemologicd obstacles and
dabilizes the basc concepts, which were formerly developed in the Digraph-CAS-LU, on a
higher levd. Saving the autonomy of the learning process of the students, CAS reduces the
role of the teacher, who otherwise would have to intervene for help.

An open question is. to which extent is it possble to reduce these episemologicad obstacles
in a cooperative interactive setting without CAS or in individua work with CAS?

A hypothesis could be: PA without CAS will be not very successful, whereas EA with CAS
will be.
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Problems on the Use of the Concepts
" Belief" and " Conception”

Erkki Pehkonen Fulvia Furinghetti
University of Turku, Finland University of Genoa, Italy
Abstract

In this paper we consider beliefs and the related concepts of conceptions and knowledge.
Analyzing the literature in different fields we observe that there are different views and
different approaches in research about these subjects Therefore, we have organized a panel
that we have termed “ virtual” , since the participants communicated with us only by email.
We sent to the panelists nine characterizations related to beliefs taken from the recent
literature, and asked them to express their agreement or disagreement with our statements
and to give personal characterizations. The answers were analyzed and as a final step we
outlined some common factors and relationships that may be taken as a background for
studiesin the field of beliefs.

Some twenty years ago, it was fird time expressed tha teachers philosophy of mathematics
is rdated to their way of teaching. Among other authors Lerman (1983) pointed this out in the
cae of the rdaion between philosophies of mathematics and styles of teaching. Thompson
(1984) andyzed teechers conceptions of mathematics and mathematics teaching on in-
dructiond practice. Similar results are achieved with research again and again, eg. Lloyd &
Wilson (1998). A number of studies show that also students have a particular view of math
ematics (e.g. Lester & al. 1989).

The purpose of this paper is to draw attention to theoretical deficiencies of bdief research.
Firgly, the concept of belief (and other related concepts) is often left undefined (e.g. Cooney
& d. 1998) or researchers give their own definitions that might be even in contradiction with
each other (e.g. Bassarear, 1989, and Underhill, 1988). The second important problem is the
ingbility to claify the relations between bdief and knowledge. We point out that, in carrying
out our study, as far as it is possble we tried to keep a broad point of view, in order to reach
quite generd conclusions. Thus we do not refer to beliefs aout a particular object (eg. about
mathematics, about teaching mathematics, about understanding) or a particular group of
individuas (e.g. teechers, students).

Theor etical background

Although beliefs are popular as a topic of study, the theoretica concept of “belief” has not yet
been dedt with thoroughly. The man difficulty has been the inability to date the rdation
between beiefs and knowledge, and the question is ill not darified (eg. Abeson 1979,
Thompson 1992).
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There are many variations of the concepts “beief” and “beief sysem” used in dudies in the
fidd of mathematics education. As a consequence of the vague characterization of the
concept, researchers often have formulated their own characterizations for belief, which
might even be in contradiction with others. The Table 1, which refers to he questionnaire we
used in our sudy, presents a range of characterizations. Other characterizations could be
mentioned. For example, Schoenfed (1985, 44) offered a characterization different from that
appearing in Table 1, gating that, in order to give a first rough impression, “belief systems are
one’'s mathematical world view”. Other researchers, Underhill (1988) for one, describe beliefs
as some kind of attitudes. Yet Bassarear (1989) who sees attitudes and bdliefs on the opposite
extremes of a bipolar dimengon gives another different explanation.

Conceptions belong to the same group of concepts as beliefs. They are dso used in different
ways in mathematics education (and wider) literature. For example, Thompson (1992)
understands beliefs as a sub-class of conceptions. But she clams: "the distinction [between
beliefs and conceptions] may not be a terribly important one" (ibid.130). Furinghetti (1996)
who explans an individud’s conception of mathematics as a set of certan beiefs follows
Thompson's idea. Pehkonen (1994) who characterizes conceptions as conscious bdliefs gives
adifferent understanding.

In (Sfard, 1991), conceptions may be consdered as the subjective /private sde of the term
‘concept’ defined as follows: "The word “concept” (sometimes replaced by “notion”) will be
mentioned whenever a mathematical idea is concerned in its “officid” form as a theoretica
congruct within “the forma universe of ided knowledge'™. Whereas she explans tha "the
whole cluster of internal representations and associations evoked by the concept - the
concept’'s counterpart in the internd, subjective “universe of human knowing” - will be
referred to as “conception” ". (p.3) The digtinction between conception and knowledge is
complicated by the fact that an individud’s conception of a certain concept can be considered
as a "picture’ of that concept. Like a picture and its object are not the same, and usudly the
picture shows only one view on the object, smilarly a conception represents only partly its
object (concept). In generd, this author does not use the word beliefs.

In order to face the problem of distinguishing between knowledge and beliefs, some structura
differences between bdief systems and knowledge systems have been noticed. For example,
Rokeach (1968) organized bdiefs dong a dimenson of centrdity to the individud. The
beliefs that are mogt centrd are those on which the individud has a complete consensus, such
beliefs on which there are some disagreement would be less centrd. Whereas, Green (1971)
introduces three dimensons, which ae characteridic for bdief sysems quas-logicaness,
psychologicad centrdity, and cluster structure. Also Thompson (1992) emphasizes two of the
Green's dimensons as characteristics of bdiefs. the degree of conviction (psychologica
centrdity), and the clustering aspect.

| mplementation of the study

The focus of the study & hand was to clarify some core dements in studies related to beliefs,
conceptions, and knowledge which admogt dl specidids could accept or, if the different
assumptions of researchers make it impossible to reach a complete agreement, to dress the
exigence of different postions. In the case of this second circumstance we felt that our study
would have contributed to convince researchers about the necessty of making explicit their
assumptions. It was not our am to introduce a “democratic’ patern according to which
definitions are good if the mgority of the researchers in the fidd of beiefs accept them. We
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gamply want to dress the pitfals generated by not cdlarified or ambiguous assumptions in
research.

On the ground of the previous condderations we have worked out a questionnaire in which
we listed nine beief characterizations (see Table 1) present in the recent literature (1987-98).
They focus on one or more terms of the triad in question (beliefs-conceptions-knowledge). In
the quesionnare the authors of the characterizations were not indicated. Each
characterization was accompanied by the sentences "Do you consder the characterization to
be a proper one? Please, give the reasons for your decison!” Some empty lines followed each

characterization. Additiondly, there was the following find

item: “Your characterization:

Pesase, write your own characterization for the concept of ‘ belief’ ?”’

Table 1. The nine characterizations of the questionnaire.

Characterization#1 “we use the word belief to reflect certain types of judgments about
(Hart, 1989, 44) aset of objects’
Characterization #2 “beiefs conditute the individud’s subjective knowledge about

(Lester & al., 1989, 77)

«df, mathematics, problem solving, and the topics dedt with in
problem statements’

Characterization#3:
(Lloyd & Wilson, 1998,
249)

“we use the word conceptions to refer to a person’s genera menta
dructures that encompass knowledge, beliefs, understandings,
preferences, and views’

Characterization #4
(Nespor 1987, 321)

“Bdief sysems often indude affective fedings and evaudions
vivid memories of persond experiences, and assumptions about
the exigence of entities and dternative worlds, al of which are
amply not open to outsde evaudion or criticad examination in the
same sense that the components of knowledge systems are”

Characterization #5
(Ponte, 1994, 169)

“Beliefs and conceptions are regarded as pat of knowledge.
Beiefs are the incontrovertible persond ‘truths held by everyone,
deriving from experience or from fantasy, with a drong affective
and evduative component.”

Characterization #6
(Pehkonen, 1998, 44)

“we understand beliefs as one's dable subjective knowledge
(which dso includes his fedings) of a certain object or concern to
which tenable grounds may not dways be found in objective
consderations’

Characterization #7
(Schoenfeld, 1992, 358)

“beliefs - to be interpreted as an individua's undergandings and
fedings that shgpe the ways tha the individud conceptudizes and
engages in mathematica behavior”

Characterization #8
(Thompson, 1992, 132)

“A teacher's conceptions of the nature of mathematics may be
viewed as that teacher's conscious or subconscious beliefs,
concepts, meanings, rules, mental images, and preferences
concerning the discipline of mathematics.”

Characterization #9
(Torner & Grigutsch,
1994, 213).

“Attitude is a dable, long-lagting, learned predispostion to
respond to certain things in a certain way. The concept has a
cognitive (belief) aspect, an affective (feding) aspect, and a
conative (action) aspect.”
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In March 1999 we sent via e-mal our questionnaire to the 22 specidids invited to the
international meeting "Mathematicd Bdiefs and their Impact on Teeching and Leaning of
Mathematics' held in November 1999 in Oberwolfach, see (Pehkonen & Torner 1999). The
speciaists were asked to respond within two weeks. Altogether 18 researchers (82 %) send us
tharr responses in due time, commenting on al characterizations. Only hdf of them did give
us ther own characterization. The specidists responding to our e-mal questiomare were
from seven different countries Audrdia, Canada, Cyprus, Germany, Isradl, UK, and USA.
The pand was virtud in the sense that only email was used to communicate. We expected to
collect daa on the following points agreement or disagreement with the given
characterizations, possble improvements, reasons for agreement or disagreement, and
persond characterizations.

Some results

When reading the specidids reections to the nine bdief characterizations, we confronted a
big variety of idess, and had difficulties to find patterns in it. Therefore, our first task was to
group the responses somehow, in order to have an overview. Thus, we classfied together al
the answers into a five-step scde, discussng as long as we reached consensus Y (= fully
agreement), P+ (= partial agreement with a postive orientation), P (= partid agreement), P-
(= patid agreement with a negative orientation), N (= fully disagreement). In Table 2 we
report the summary of results obtained after our classfication. In order to get a better
overview of the gStuation; different types of answers are summed up. Our first observation
was that in the responses of the specidigts, there was no clear pattern to be observed. But in
some points, one can find some regularity. The answers were most unified in characterization
#5 (by Ponte 1994) where 15 speciaists (83 %) disagreed with the statement, and three (17
%) agreed with it.

Table 2. Agreement and disagreement of the respondents with the nine characterizations.

1 2| 3 4 5 6 7 8 9
Y =YES 7 719 4 2 711111 7
P+ = PARTLY YES 4 1| 3 - 1 1 1 1 4
P=PARTLY 2 7 | 4 4 - 1 3 2 2
P- =PARTLY NO 1 - - 2 - - - - 2
N =NO 4 | 3 2 8 |15 9 3 4 3

When looking for the largest frequencies in Table 2, we daborated the following grouping of
the characterizations.

- The response of the panel to characterization #5 (Ponte 1994) was a clear "no". According
to its author, this definition is inspired by (Pgares 1992), that is it generates outsde
meathemati cs education community.

- The next largest frequencies were in characterizations #7 (Schoenfeld 1992) and #8
(Thompson 1992). In these cases, most of the pand members (about 70 %) were in agreement

50



Current State of Mathematical Beliefs X

with the characterizations (i.e. the answer was "yes'). This is not surprising, snce papers of
Schoenfeld and Thompson are much used as reference literature in research on beliefs. But
aso these were not accepted in consensus, since there were 3-4 specidists who responded
clearly "no", and 2—3 others who agreed with them only partly.

- In three cases, we edimated the orientation of the panel to be postive, snce the sum of
"Yes' and "Patly yes' answers was larger than the negative ones characterization #1 (Hart
1989), characterization #3 (Lloyd & Wilson 1998), characterization #9 (Torner & Grigutsch
1994). For the high leve of agreement here, we can find easily reasons. One can say that Hart
followsthe ideas of Schoenfeld, and Lloyd & Wilson those of Thompson.

- In characterization #6 (Pehkonen 1998) agreements and disagreements were divided amost
fifty-fifty (yes—no). In this characterization, the word "stable’ has caused confusion, since in
the case of bdliefs it can be understood in different ways.

- In characterization #4 (Nespor 1987), the mgority of the responses were negative.
Therefore, we can say that the answer was an dmost no. This characterization comes from
outs de mathematics education community.

- Additionaly, it is interesting that in one case, characterization #2 (Lester & a. 1989), there
was the highest number of “partly” answers.

In order to arrive a basic ideas on bdiefs, which encompass as much as possible the feedback
from the responses, we focus on the results of some items, which most clearly give us an
orientation.

In the 15 negative answers to characterization #5, we have sngled out quite clearly two
centrd features determining the disagreement: the adjective incontrovertible and the relation
between beliefs and knowledge. Another ambiguity we have observed originates from the use
of the term conception, present in items #3, #5 and #8.

When reading the responses, the following points emerged which are of specid interest for
researchers. the origin of bdiefs, affective component of beliefs, and the effect of beliefs on
an individud’s behavior, reaction, etc. The issues rased here, which we will discuss, are, of
course, somewhat overlapping.

Bdiefs might have their origin in many ways, as expressed by the following three quotations
"Bdiefs, in a paticular context/dtuation, are pat of a person’s identity (or better, identities),
which is (are) formed through learning, interacting, goals, needs and desres, and therefore
dso affective” (R.6)%, "Beliefs can dso be adapted from others, especidly from those in
authority." (R.9), and "Finadly sometimes people bdieve things because they have noticed
them in persond experience, but very often they believe "propagandd’ indead (mathemetics
is hard, useful, dull, fun, etc.).” (R.13)

In two responses (R.9, R.17), the affective component of bediefs was mentioned. As an
example, we give the following: "I think of bdiefs as primarily cognitive with a sgnificant
affective component [...] and especidly related to values [...] | dso try to separate bdiefs
from more affective or atitudina responses to mathematics (enjoyment of problem solving or
preferences for certain mathematica topics).” (R.9) This postion is close to the spirit of the
chapter (McLeod 1992) on affective factors.

8 R.n stands for “respondent n".
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The fact tha beiefs have an effect on an individud's behavior, reaction, etc. is a quite
common assumption for researchers on beliefs (e.g. Schoenfeld 1992). This is expressed, for
example, by the following quotation: 'A belief is an attempt, often deeply felt, to make sense
of and give meaning to some phenomenon. It involves cognition and affect, and guides
action.” (R.11) Some esearchers (eg. R4 and R.17) stressed the importance of context in
shaping beliefs or behavior.

Discussion

In gathering the criticisms and the condructive parts of the answers tha we had a disposd
we redized that there are points on which future research may be based. In the following we
comment on some of these points.

Firgly we drop the idea of a multipurpose characterization suitable for dl the possble fieds
of application (mathematics education, philosophy, generad education, psychology, sociology)
and refer our consderations to a given context, a specific Stuation and population. Also it is
useful to link a given characterization to the gods that we have in mind when usng the
concept we are characterizing. Contextualization and goal-orientation make the characte-
rizetion an efficient one.

There is a0 the need to specify concepts used in research. It seems to us that part of the
previous discusson could be avoided, if we diginguish in mathematics between objective
(officd) knowledge (which is accepted by the mathematicd community), and subjective
(persond) knowledge (which is congtructed by an individud). Individuds have access to
objective knowledge, and congtruct (in the language of Sfard 1991) their own conceptions on
mathemetical concepts and procedures, i.e. they congtruct some pieces of their subjective
knowledge. In an ided case, the conceptions and mathematicd concepts in question
correspond isomorphicaly to each other. In such a sense the two domans may be
overlgoping, but not coincident. In the domain of objective knowledge, there are parts that
may not be accessble to individuds, or to which individuas have no interest. Conceptions
individuals generate from objective knowledge become part of their subjective knowledge.
This hgppens after an operation of processng information, in which the exising knowledge
and his ealier bdiefs intervene. In the doman of his subjective knowledge, there are
eements that are drictly linked to the individud: they are bdiefs intended in a broad sense
that includes affective factors. Beliefs belong to individuads subjective knowledge, and when
expressed by a sentence they may be logicdly true or not. Knowledge aways has a truth
property (cf. Lester & a. 1989). We can describe this property with probabilities: knowledge
is vaid with a probability of 100 %, whereas the corresponding probability for belief is
usualy lessthan 100 %.

Not aways individuals are conscious of their beiefs. Thus we have to consder conscious and
unconscious bdiefs. Also individuds may hide bdiefs to externd scrutinizing, because in
their opinion they are not satisfying someone's expectations. In Furinghetti's paper (1996) the
phenomenon of the ‘ghods in classroom is discussed: ghods are the hidden or unconscious
bdiefsin action in classroom.

In the reaults, the terms incontrovertible and stable were disputed as atributes for beliefs. We
suppose that this depends on the fact that those working in education need to trugt in the
possibility to act on beliefs, because otherwise the didactic action would not have sense. The
intermediate solution of conddering centrd and peripherd bediefs seems more flexible for
describing how beliefs are modified.
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In summarizing the results, we propose for studying beliefs and the related terms a lig of
basic recommendations, which should be used flexibly according to the Stuation, andyzed.
They are:

» to consder two types of knowledge (objective and subjective)
» to congder that beliefs belong to subjective knowledge

» to incdude dfective factors in the bdief sysems and distinguish affective and cognitive
beliefs, if needed

» to congder degrees of sability, and to leave beiefs open to change

» to take care of the context (eg. population, subject, etc.) and the research god in which
beliefs are considered.
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Girlsand Boys and Mathematics:
Teachers Belief Structure

Riitta Soro

University of Turku, Finland

Abstract

The focus of the paper is to examine teachers beliefs about the differences of boys and girls
(aged 13-15 years) as learners of mathematics. A sample of Finnish teachers of mathematics
(N=204) were asked to classify a list of characteristics as being more frequent among girls or
among boys in their mathematics d¢asses. Factor analysis revealed six main dimensions
indicating beliefs in gender differences. In the belief structure highest correlations were
found between dimensions “ Avoid using intelligence”, “ Expectations of success’, and
“Talent”, the first correlating negatively with the latter two. The other dimensions were
“Lack of equity”, “Work-orientation”, and “ Teacher attention”, of which the last one
seemed to form a totally independent factor. The most highly believed gender differences
stated that girls avoid using intelligence and boys gain teacher’ s attention.

Background

Gender differences in mathematics achievements have declined. Also gender-equity programs
have encouraged girls to take more secondary mathematics courses and to pursue careers in
mathematics and related fields (Beaton & d., 1996; Hanna, 2000). Stll, the goal of gender
equity in mathemdtics has not been reached in dl countries In many countries, including
Finland, girls are under-represented in advanced mathematics courses. There is shortage of
labour, for example in the information technology, and a growing need for students in higher
education of mathematics and technology.

Since the early 1970's there has been an increasing research activity in the field of gender and
mathematics education especidly in the Englistspeaking Western nations (Leder, 1992;
Leder, Forgasz & Solar, 1996). Research on affect and mathematics has focused on the
affective responses of dudents rather than those of teachers (MclLeod, 1994). ldentifying
classsoom behaviours that influence gender differences in learning, and patterns in how
dudents choose to sudy mathematics has been difficult (Fennema, 1995). Teachers
knowledge of, and beliefs about, mathematics have been sudied from the perspective of
cognitive science, but this perspective is less used in studies concerned with gender (Fennema
& Hart, 1994). Studies that ded with the mental processes of teachers might give indgght into
why teachersinteract with boys and girls the way they do.

The acquistion of beiefs or ther modification is a mgor issue in the activity of teaching. As
Green (1971, p.42) further points out, beliefs are dways gathered as parts of a belief system.
Therefore it is more important to explore the nature of sets of beliefs or belief systems than to
examine the nature of one belief done.
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The problem is that in the educationd literature and among researchers there is no common
definition for the concept “beief”, nor a clear didtinction between beliefs, conceptions and
knowledge (Pgares, 1992; Furinghetti & Pehkonen, 1999). Thompson (1992) distinguishes
knowledge from beief sysems on the bads of the posshility of objective evauaion of
validity.

The theoreticd framework that underpins this study is the modd of ‘beief sysems grounded
in research in cognitive science. In this study we refer to Abelson (1979), who delineated
features didinquishing bdief sysems from knowledge sysems ‘exigentid presumption’,
‘dternativity’, ‘affective and evaudive loading, and ‘episodic structure’. Nespor (1987)
added two features 'nonconsensudity’ and ‘unboundedness to characterize the ways beliefs
are organized as systems.

Bdiefs are on the border between cognition and affect. The latter, affect, is often more or less
emphasised in a teacher's belief concerning gender and especidly gender and mathematics.,
What a teacher sees as his or her experience-based knowledge about girls and boys
unavoidably reflects his or her unconscious primitive beliefs Therefore in this paper we use
the term belief even in the case the subject, the teacher, might spesk about conceptions,
knowledge or facts.

Method

The focus of the paper is to examine teachers beliefs about the differences of boys and girls
as learners of mathematics. For this purpose there are two research questions. What beliefs do
Finnish mathematics teachers hold about girls and boys as learners of mathematics and do
these beliefs express symptoms of unconscious discrimination? What is the dructure of
teachers beiefs in gender differences in pupil’s behaviours in mathematics learning
gtuations?

Participants and design of the study

The dsudy is a survey. The test paticipants are Finnish mathematics teachers from a sample
of 150 randomly chosen schools for grades 79 (13-15 year olds). In each school one femae
and one mae mathematics teacher, if avalable, were asked to answer to a questionnaire. This
was carried out in February 2000. Complete materiad was received from 110 femade and 94
male teachers. Some schools had no mae or only one mathematics teacher.

Instrument

The indrument of this study is a bdief questionnaire with 55 dructured items and eight open
response items. In the open questions the teachers were asked to describe differences between
boys and girls as mathematics learners. Further they were asked if they felt necessary to
condgder gender equity in ther mathematics teaching and how they addressed the specid
needs of girls and boys. In this paper we approach the belief dructure by factor andysng the
answers to the structured items of the questionnaire.

Because one am of the study was to develop a new indrument, it was anticipated that starting
with a large number of items would be necessary in order to find the most relevant ones. The
55 statements of student characteristics were grouped under the following headings A) Girls
and boys in mahclass B) Girls and boys atitudes, C) Girls and boys ahilities and
cognitive skills, D) Upper secondary mathematics choices and career choices, add E) The
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dtuation of gender equity in school. This grouping of the statements was not a hypothetica
sructure, it was intended only to support the teacher in answering.

The dructured items were developed using topics found in literature about gender issues.
Some of the items were adopted and modified from earlier sudies (eg. Maccoby & Jacklin,
1974; Leder, 1992; Grevholm, 1995; Brusseimans-Dehairs & Henry, 1994). Some items
aouse from the author's own experience as a mahematics teacher and reflections upon her
own beliefs and gender dependent teaching practices. The firs verson of the questionnaire
was tested with a group of fifteen pre-service secondary mathematics teachers. The
insrument was discussed with some ten mathematics teacher educators and researchers. The
feedback given by these groups helped the author in developing the items and in omitting
ambiguousitems.

: The gatements in the questionnaire were of the type:
G usaly agrl “X_finds mathematics difficuit” For each statemer,
g adgirl more often than aboy teacher had to sdect the subject X out of the five
dternatives in Table 1 (presented in Soro (2000)°).

+ agir asoften asaboy _ In the analyss the neutrd aternative was scored as
b aboy more often than agirl 0, the direction "girls more often" was scored
B usudly aboy negative and the direction "boys more often”

positive as follows:
G=-2 g=-1 =0 b=1 B=2

Table 1. Alternativesfor X.

I mplementation

In the choice of the analyss method we consdered principa components vs. classica factor
andyss. In the former it is assumed that dl vaiability in an item vaiable should be used in
the andlyss In the later only the variability in an item that it has in common with the other
items is used, and it is assumed that the remaning variance of an item is its unique variance
(Harman 1976, p.15). Furthermore, the theoreticd background of gender beliefs did not
suggest the latent factors to be uncorrelated, which directed the choice to an oblique rather
than to an orthogona reference system. Principal components method is often preferred for
data reduction, while classcd factor andyss is preferred when the god of the andyss is to
reved a dructure. In this sudy the focus was on the latter, but as both methods usudly yield
very smilar results, we darted with the component andyss. We then compared it to a
classcd factor andyds in which we extracted the results by principa axis method with
oblique rotation. Further the data was factor-andyzed with hierarchicd principd axis method
to divide the variability in the items orthogondly into that due from shared or common
variance (secondary factors) and unique variance due to the clugters of amilar item variables
in the andyss.

It was not aimed to use dl the items of the questionnaire but to choose the most relevant ones
for the belief dtructure. As an estimate of the proportion of variance of a paticular item that
was due to common factors we used the squared multiple corrdation (SMIC) of an item with
al other items. Those items that had low communaity (SMC <0,35) were dropped out. The

9 G.C. Leder and H.J. Forgasz have independently presented a similar instrument they called ”Who and
mathematics’ in TSG17 of the 9" International Congress on Mathematical Education July 31-August 6, 2000
Tokyo.
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amount of items was further reduced based on low commundity in principd components and
classicd factor andyss. After two reterations 31 items were lft for the find andysis.

We used Cattell’'s scree test and Kaiser criterion (Harman 1976, p.163) to determine the
number of factors that best describe the data. The former supported five to seven factors and
the latter nine factors. We examined solutions with different numbers of factors. The sx
factor solution was chosen since it gppeared to be very interpretable. Moreover the seven and
eght factor modds would not have raised markedly the accountability except on only one of
the item variables. The six factors accounted for 47 % of the tota variance.

Results

Dimensions of beliefsin gender differences

Each of the obtained six factors determined a sum-scale of the items that loaded highest on
that factor. Sx new variables, which we cdl bedief dimensons each representing one
component in the beief dructure, were defined to measure the beliefs about gender
differences. The scores of an item with a negative loading were conversed. The score for each
of these new Sx belief dimensons was counted as the sum of the item scores divided by the
number of the items. These beief dimensons and their corresponding items, the conversed
items marked with an asterisk (*), were the following:

Avoid using inteligence X's success in mathematics is more due to paingaking practice than
to underdanding. *X’s success in mathematics is based on the using his or her inteligence
and power of deduction. X leans on rote learning and does not even try to undersand. X is
better at routine tasks than at problem solving. *X can solve unfamiliar tasks. *X can solve
by reasoning. *X can solve spatid problems.

Teacher atention | have to ask X to behave himsdf/hesdf during lesson. X interrupts

unduly. *I should interact more often with X. *X is a dlent hard worker. X congtantly asks
for teacher’ s help.

Lack of equity The comprehensve school has defects in gender equity. Mathematics
teeching has defects in gender equity. School meets X’s specid needs better. (One item was
omitted to increase consstency).

Work-orientation X is willing to work hard for learning. X participates activdy the lessons.
X enjoys mathematics lessons. X makes constructive remarks. When getting finished ahead
X will work independently on extraexercise.

Expectations of success X expects high success in mathematics. X has high sdf-confidence
in mathematics. X regards mathematics gppropriate for his or her sex. *The school-
counsdlor does not direct X enough to mathematicd or technicd careers.  *X finds
mathematics difficult. Parents are disgppointed if X does not do wdl in mathematics.

Tdent X gets through the extended mathematics course more eesily. X is innady
mathematicaly more tdented. X is capable of higher mathematical thinking. There are more
mathematically talented among X.

Teachers mean scoreson the six belief dimensions

A postive vaue on a beief dimenson indicates that the teacher associated the characteristics
of the dimendon to a boy more often than to a girl. A negative vaue indicates that a girfl more
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often than a boy was mentioned having the characterisics. Vdue 0 is the score for no
difference between boys and girls.

Teachers belief scores means and standard deviations

n 1,2

o)

M 08

~ 04

=

o 0,0

c

-0,4
w
3 -0,8
-1,2 -

3 s £ 5 % =
= = < o S o
> & g § ® £ I Maw®
- ® 0 % Mean-SD
o) o) © S S
= & ~ N 3 3 Mean+1,96*SE
o) § & = Mean-1,96* SE
> |
< - ; 0O Mean

Figure 1. Mean scores on belief dimensions of mathematics teachers (N=204)

As can be seen in Figure 1, the most emergent result was the bdief in girls more often than
boys employing inferior cognitive skills. The mean scores were negative for Avoid usng
inteligence (-0.59) and Work-orientation (-0.12) indicating a belief in a trait typicd for girls
A postive mean score, indicating a feature addressed more often to a boy than to a girl, was
found for Teacher attention (0.53), Expectations of success (0.44) and Talent (0.22). Mean
score on Lack of equity was dightly postive (0.09). All the means differed datigticaly from
the no difference vaue zero.

Structure of bdiefs

The god of the factor andysis was to detect sructure in teachers bdiefs about gender
differences in mathematics. Both the principd components modd and the hierarchica
principal axis mode with oblique factors represented smilar "clusters’ of item variables. The
highes loading of each item varigble was found on smilar factors extracted by the two
different methods. The bdief Sructure appeared to condst of three dimensions that were
connected to each other and other three quite independent dimensions. The three connected
were dimensons of bdiefs in differences in Tdent, Expectations of success, and Avoid using
intdligence, the last one corrdding negatively with the fird two. More independent
dimensons were Work-orientation and Lack of equity. The dimenson Teacher atention
seemed to form an isolated part of the belief structure. (Figure 2.)
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Tdent 0.18%*
-0.47%% \ Work-orientation
0.29* 0.19*
Avoid using int. _0.26" Expectations of success
-0.14*
Lack of equity

Teacher attention

*p<0.05  **p<0,01 ***p<0,001

Figure 2. Dimensions of teachers' belief structure about student gender differences and
statistically significant correlations of the sum-scale scores (N=204).

The corrdaions of the beief dimensons i.e sum-scade scores were consstent with the
results of the hierarchicd principd axis andyss, which gave one secondary factor. All item
vaiables of the firg primary factor Avoid usng intdligence and of the axth primary factor
Tdent and one variable (X expects high success in mathematics) from the fifth factor loaded
on this secondary factor. Of these the item “X is innatedly mathematicaly more tdented” had
the highest loading (0.61). These results can be interpreted to reflect a core beief dimension
“Mathemeatics as a gendered domain”.

Discussion

The ingrument developed, the questionnaire with a new answering scade, seemed to be
feesble in measuring beliefs about gender differences. The item response was based on a
trivid comparison between girls and boys. This was amed to help the teachers to answer
without much effort and maybe frankly as wel. Also, as expected, the meaning of the
answers were unequivoca. On the contrary, conventiond Likert-type items answered on a
scde from agreement to disagreement are not unproblematic. For example Forgasz, Leder &
Gardner (1999) have pointed out that it is nowadays not obvious what can be referred from
dissgreement with the item: “Girls can do just as wel as boys in mathematics” Are girls
doing better or are girls doing worse? This kind of problem was avoided in our scae.

The rdidbilities i.e. internd conddencies of the sum-scaes were estimated with Cronbach’s
apha coefficient. The vaues for this dpha ranged from 0,75 to 0.64 except for the sum-scale
Work-orientation that had a lower dpha 0,46. Hence the ability of these scades, except for the
last mentioned, to distinguish rdiably between the 204 teachers in terms d their answers, can
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be consdered sufficient. The responding rate (69%) supported representativeness. The results
and findings discussed in this paper can be generdized to include the wider population of dl
mathematics teachers in lower secondary schoolsin Finland.

The items omitted from factor andlyss are of interest and need a further consderation. They
were deding with need for teacher support, attributions of underachievement,
competitiveness, ability grouping, dngle-sex classes, co-operaive leaning etc. Some item
varigbles did not corrdate with the others having only unique variation. Some variables
showed only minor variation i.e. teachers were quite unanimous on those items.

The results of the factor andyss did not show any genera bdief factor that would affect al
types of beliefs measured by the items. Nevertheless both the correlations of three dimensons
and the results of hierarchica factor anadyss suggested a core bdief “Mathematics as a
gendered domain”. This result reflects a“primary belief” as Green (1971, p.44) defines i.e. a
belief for which a person can give no further reason. Later on the empirical data presented in
this paper will be extended with data gathered by teacher interviews.

The body of literature avalable regarding gender issues related to teachers beliefs does not
give conclusve evidence tha teachers believe tha mathematics is more appropriate for maes
than femaes (Fennema, 1990; Li, 1999). Our research results on teachers beliefs about
gender differences suggest that a grest mgority of teachers have different beliefs about girls
and boys as mathematics learners. The most highly believed gender differences dated that
girls avoid using intelligence and boys attain most of teacher atention. One might expect this
dtuation to be reflected in the belief of lack of equity, but this was not the case. In Finland
equdity between boys and girls a school is generdly consdered so sdf-evident that the
principle is not written into the school curricullum. These results affirm the observation that
schools tend to be "gender-blind" and teachers gender-neutrdity is often merdy supeficid
(Jakku-Sihvonen & Lindstrom, 1996). There are some teechers, though a minority, whose
beliefs express symptoms of unconscious discrimination.
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